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Abstract

For any p € (1,00), we construct p-energies and the corresponding p-energy
measures on the Sierpinski carpet. A salient feature of our Sobolev space is the self-
similarity of energy. An important motivation for the construction of self-similar
energy and energy measures is to determine whether or not the Ahlfors regular
conformal dimension is attained on the Sierpinski carpet. If the Ahlfors regular
conformal dimension is attained, we show that any optimal Ahlfors regular measure
attaining the Ahlfors regular conformal dimension must necessarily be a bounded
perturbation of the p-energy measure of some function in our Sobolev space, where
p is the Ahlfors regular conformal dimension. Under the attainment of the Ahlfors
regular conformal dimension, the (1, p)-Newtonian Sobolev space corresponding to
any optimal Ahlfors regular metric and measure is shown to coincide with our
Sobolev space with comparable norms, where p is the Ahlfors regular conformal
dimension.
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1 Introduction and main results

The goal of this work is to construct and investigate properties of (1,p)-Sobolev space,
p-energy and p-energy measures on the Sierpinski carpet. Our (1, p)-Sobolev space can be
considered to be an analogue of W!'?(R") on Euclidean space, the p-energy of a function f
is an analogue of fRn IV fI’(x) dx, and the p-energy measure of a function f is an analogue
of the measure A — [, [V f]"(z)dz. Similar (1,p)-Sobolev spaces were constructed in
recent works of Kigami and the second-named author but much of the results there only
apply to the case p > dimagrc, where dimagc is the Ahlfors regular conformal dimension
[Shi24, Kig23].

Our approach and that of [Shi24, Kig23] goes back to the analytic construction of
Brownian motion on the Sierpinski carpet by Kusuoka and Zhou [KZ92]. (The first
construction of Brownian motion on the Sierpinski carpet was done by Barlow and Bass
[BB&9] in a purely probabilistic way.) The Dirichlet form corresponding to the Brownian
motion on the Sierpinski carpet is a special case of p-energy when p = 2. The idea behind
defining a p-energy of a function f on a metric space (X, d) is to approximate a metric
space by a sequence of graphs {G,, = (V,,, E,) : n € N} on a sequence of increasingly
finer scales and to consider a sequence of discrete approximations M, f : V,, — R of the
function f : X — R. Consider the discrete p-energies,

ES(Muf) =Y (Muf)(@) = (Mo f) ()

{z,y}eby,

We then choose a sequence {r, : n € N} of re-scaling factors r, € (0,00) so that the
quantities limsup,, . 7 &5 (M, f), im inf,, o0 1, E5" (M, f ), and sup, oy &S (M, f) are
comparable uniformly for all integrable functions f. The existence of such a sequence
r, is guaranteed by analytic properties on the sequence of graphs G,, such as bounds on
capacity and Poincaré inequality. The Sobolev space is then defined as

]—"p::{feLp

sup rné'f'” (M, f) < oo}.

neN

To describe our results, we prepare some notations of the Sierpinski carpet (see Definition
8.1 for details) and its approximations. The Sierpiriski carpet K is the invariant set of
eight contraction maps {F;}eq1,.. s}, where each contraction F; maps the square [—1,1]?
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Figure 1.1: The planar Sierpinski carpet and its approximation graphs {G,}. (G; and
G4 are drawn in blue.)

to one of nine divided identical squares with side length 2/3 except for the central one, i.e.
Fi(xz) =37z — ¢;) + ¢; for some ¢; € R* and K = Uicqi,.sy Fi(K). Let V;, = S™ denote
the set of words of length n over the alphabet S = {1,2,...,8}. For w = w; ---w, € V,,,
we set Fy, = Fy, 0 Fy,0---0F, . Let G, = (V,, E,,) be the graph whose vertex set is
the set of words V,, with n-alphabets and the edge set is defined by

E, = {{u,v} :u,v eV, F,(K)NF,(K) # 0}.

The sequence of graphs G,,,n € N approximate the Sierpinski carpet K (see Figure 1.1).

We now describe how to approximate a function on K by a function on G,. To
this end, we equip K with the Euclidean metric d and the self-similar Borel probability
measure m on K such that m(F,(K)) = 8" for all w € V,,,n € N. For n € N, we define
the discrete approximation operators M, : LP(K,m) — R"" as

1

(M f)(u) = (L (K))

/ fdm, forall uelV,.

w(K)

For any p € (1, 00), we show the existence of an exponent p(p) € (0, 00) and some constant
C € (1,00) such that

sup p(p)"Ey" (M f) < C lim sup p(p)" €, (M f) < C*liminf p(p)" &5 (M., f)

for all f € LP(K,m). This implies that each of the three expressions in the above
display are uniformly comparable up to multiplicative constants. One of them, say
sup,,cy P(p)"Ey" (M, f) could be a considered as a candidate p-energy. However, we would
like to construct an improved p-energy &, : F, — [0,00) that is comparable to the above
candidate p-energy but satisfies desirable properties such as self-similarity, Lipschitz con-
tractivity, and strong locality that the above candidate need not satisfy. The definitions
of these properties are included in the statement of Theorem 1.1. For f € LP(K,m), by
supp,,|f] we denote the support of the measure fdm. The following theorem describes
the definition and basic properties of our Sobolev spaces.

Theorem 1.1 (Construction of (1, p)-Sobolev space and p-energy). Let p € (1,00) and let
(K,d,m) be the Sierpinski carpet equipped with the Euclidean metric and the self-similar
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measure described above. Then there exists p(p) € (0,00) such that the normed linear

space (Fy |- |15,) defined by

7y { e vtwom| [ i am - sup ptores0,p) < oo,
K neN
and
“ 1/p
15, = (suppEE 00} Ul = Wl + U,
satisfies the following properties.
() (Fp, |l -1l %,) is a reflezive separable Banach space.

(ii) (Regularity) F, N C(K) is a dense subspace in the Banach spaces (Fp, || - ||fp) and
(CE), [ llo)-

Furthermore, there exist C > 1 and £,: F, — [0,00) satisfying the following:
(iii) &,(-)YP is a semi-norm satisfying CHflz, < E(f)YP < Clflz, for all f € F,.
(iv) (Uniform convexity) &,(-)Y? is uniformly convez.

(v) (Lipschitz contractivity) For any f € F, and 1-Lipschitz map ¢ € C(R), we have
pofeF,and E(po f) < EN(f).

(vi) (Spectral gap) It holds that
1f = felLoimy < CE(S)  forall f € Fp,
where fx = fK f dm is the m-average of f. In particular,
{feF,:E(f) =0} ={f € LP(K,m) : f is constant m-a.e.}. (1.1)
(vil) (Strong locality) If f,g € F, satisfy supp,,[f]Nsupp,,[g —alk] =0 for some a € R,

then E,(f + g) = E(f) + E(9)-
(viii) (Self-similarity) For any f € F,, we have f o F; € F, for alli € S and
E(F) = p(p) Y E(f o F). (1.2)
icS
Furthermore, F, NC(K) ={f € C(K) | fo F, € F, for alli € S}.

(ix) (Symmetry) Let D, denote the dihedral group of isometries of K. For any f € F,
and ® € Dy, we have fo® € F, and E,(f o @) = &E,(f).

Remark. One can show the generalized p-contraction property, which was introduced in
[KS24-+D] after submitting this work, for (&£,, F,). See also [[{524+4b, Remark 8.20]. This
property gives improvements of Theorem 1.1(iv),(v).
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We compare the above result with earlier results in [Shi24, Kig23]. Theorem 1.1 was
previously known only in the case p > dimarc (K, d), where dimarc (K, d) € (1,00) is the
Ahlfors regular conformal dimension [Shi24] (we recall the definition of Ahlfors regular
conformal dimension in Definition 1.6). Similar to this work, Kigami uses an approach
based on discrete energies and introduces a conductive homogeneity condition under which
the Sobolev space was constructed [[Kig23]. However much of the results apply only to
the case p > dimagrc (K, d) as the author points out “Regrettably, we do not have much
for the case p < dimagc(K,d)” in [Kig23, p. 8]. In particular, Theorem 1.1 answers a
question of Kigami [Kig23, §6.3, Problem 1] for the Sierpinski carpet which asks for the
property (ii) above. This property is known as reqularity in the theory of Dirichlet form
[FOT, p. 6].

The difficulty in the case p < dimagrc(K,d) is due to the fact that the Sobolev space
contains discontinuous functions. Indeed, by a recent result by Cao, Chen and Kuma-
gai [CCK24, Theorem 1.1], under the conductive homogeneity condition, the Sobolev
space constructed by Kigami [Kig23] contains discontinuous functions if and only if
p < dimpgc(K, d). If p > dimagrc (K, d), there is a version of Morrey’s embedding theorem
which makes the analysis easier.

Another difficulty is that the conductive homogeneity condition of [Kig23] (or its
analogue ‘knight move condition’ in [Shi24]) was not obtained on the Sierpiriski carpet if
p < dimagrc(K, d). The Poincaré inequality for graphs G,, shown in our work (Theorem
4.2) implies these conditions when p < dimagc(K, d) for the Sierpiniski carpet. We do not
show them because their proofs are technical. (A proof is available in the long version
[MS, Appendix C].) Our approach only relies on Poincaré inequality and certain upper
bounds on capacity across annulus on the sequence of graphs G,,.

As we will see in Theorem 1.4, the value of p(p) in Theorem 1.1 is uniquely determined
by the above properties. If p(p) were larger, the Sobolev space F, would only consist of
constant functions violating property (ii). If p(p) were smaller, then the resulting p-energy
would be too small to satisfy property (vi).

Our next result is the existence of energy measures. To motivate energy measure,
let us consider the following question: what information does the energy measure contain
about a function? In the primary example on R", the p-energy measure of a function
f € WHP(R™) is the measure A — [, [V f(x)]” dz. By considering the Radon-Nikodym
derivative of the energy measure with respect to Lebesgue measure, we see that the
energy measure contains the same information as [V f| up to sets of Lebesgue measure
zero, were V f is the distributional gradient of f. A generalization of |V f| is given by
the minimal p-weak upper gradient in the theory of Newton-Sobolev space [HKST]. In
these settings, the energy measure is always absolutely continuous with respect to the
reference measure. In the setting of diffusion on fractals, the energy measure (for p = 2)
is typically singular with respect to the reference measure [Hin05, KM20]. As we will
see in Theorem 1.7, not requiring the p-energy measure to be absolutely continuous with
respect to the reference measure is useful as the reference measure might not be suited to
express energies and also because the energy measure might satisfy better properties such
as the Loewner property. Based on the above analogy, we think of our energy measures as
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containing similar information about the function as the minimal p-weak upper gradient
in the setting of Newton-Sobolev spaces.

Let us describe the construction of energy measure. Following an idea in [Hin05,
Kus89], we use the self-similarity property of the p-energy to construct our p-energy
measure. To describe it, we let ¥ = S be the set of all infinite words in the alphabet
S equipped with the product topology. Recall that the canonical projection x: ¥ — K
is defined to satisfy {x(w)} = (,en(Fuw, © -0 Fy, )(K) for any w = (wy,wy,---) € .
For w € S™, let ¥, C ¥ be the set of infinite words whose beginning n alphabets
coincide with w. For any function f € F,, self-similarity of the p-energy &,(-) and
Kolmogorov’s extension theorem guarantees the existence of a measure m,(f) on ¥ such
that m,(f)(X,) = p(p)"Ey(f o Fy,) for all w € S",n € N. The energy measure is then
defined to be the pushforward measure I',(f) == x.(m,(f)). Our next theorem shows the
existence of energy measure corresponding to self-similar energy and describes some of its
basic properties.

Theorem 1.2 (Existence of p-energy measure). Let p € (1,00) and let (K,d,m) be the
Sierpiniski carpet. Let (E,, F,) be the p-energy in Theorem 1.1. There exists a family of
Borel finite measures {I',(f)}ser, on K satisfying the following:

(i) For any f € F,, we have I',(f)(K) = E,(f) and

Lo(f)(Fu(K)) = p(p)"Ep(f o Fy)  for allw € S™,n € N.

(ii) (Triangle inequality) For any Borel set A of K, T'),(- )(A)Y? is a semi-norm on F,.

(iii) (Lipschitz contractivity) If f € F, and ¢ € C(R) is 1-Lipschitz, then I')(po f)(A) <
L, (f)(A) for any Borel set A of K.

(iv) (Self-similarity) For any n € N and f € F,,

Fp<f> = p(p)n Z (Fw)*(rp<f © Fw>)

weSsn

(v) (Symmetry) For any f € F, and ® € Dy, we have @, (L,(f)) =Tp(f o ®).

(vi) (Chain rule and strong locality) For any ¥ € C*(R) and f € F,NC(K),

Lp(W o f)(dx) = W'(f ()T, (f) (dx).

If f,g € F, NC(K) and A € B(K) satisfy (f—g)‘A =a-1,4 for some a € R, then
Lp{f)(A) =Tp{g)(A).

Remark. After submitting this work to the journal, an improved version of the chain
rule of self-similar p-energy measures is proved in [K524+b]. Also, for each Borel set A
of K, one can show that (I',(-)(A),F,) satisfies the generalized p-contraction property.
See [KS24+D, Section 5] for details.
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We describe another approach to defining Sobolev space motivated by a work of Kore-
vaar and Schoen [KoSc]. This work describes classical Sobolev spaces in terms of Besov—
Lipschitz spaces at the critical exponent (also called Korevaar—Schoen space). On a metric
space (X,d), we denote by By(z,r) = {y € X : d(z,y) < r} the open ball centered at
x € X and radius r > 0. Our next result identifies our Sobolev space obtained using
rescaled discrete energies in Theorem 1.1 as the critical Besov—Lipschitz or Korevaar—
Schoen type space with comparable seminorms.

Definition 1.3. Let (X,d) be a connected metric space with #X > 2 and let m be a
Borel-regular measure on X such that m(By(z,r)) € (0,00) for any = € X,r > 0. For
p € (1,00) and s > 0, the Besov-Lipschitz space B; ., = B, (X,d, m) is defined as

sup /X]id(z,r) f) = F)” m(dy)m(dz) < oo}.

r€(0,2 diam(X,d)) P

B = { fe (X, m)

Korevaar and Schoen show the coincidence W'?(R") = B, _ (R",d, \) where d is the
Euclidean metric and A is the Lebesgue measure [KoSc, Theorem 1.6.2]. Furthermore
there exists C' € (0,00) such that the distributional gradient V f of any function f €
WLP(R"™) satisfies

p

et [ WfPdy < sup / ][ V@) = JOF 5 qrany < ¢ [ w7 an
Rn r€(0,00) JR™ J By(x,r) rP Rn

This result was later extended to spaces satisfying doubling property and Poincaré in-

equality by Koskela and MacManus [KoMa, Theorem 4.5]. In these settings, it turns out

that the exponent s = 1 is critical in that for every s > 1 every function f € Bj  is

constant almost everywhere and for every s < 1, the space B?__ contains non-constant

p7m
functions. This motivates the definition of the critical exponent for Besov—Lipschitz space

sp = sup{s > 0: B,  contains non-constant functions} (1.3)

and the Korevaar—Schoen space as the critical Besov-Lipschitz space Bp'~. This approach
to define Sobolev space was recently proposed by Baudoin [Bau24]. Our next result is
that the Sobolev spaces defined using rescaled discrete energies coincides with the one
defined using critical Besov—Lipschitz space with comparable seminorms. Furthermore,
we describe the scaling constant p(p) in Theorem 1.1 in terms of the critical scaling
exponent for By .

Theorem 1.4 (Self-similar Sobolev space is a Korevaar—Schoen space). Let (K, d,m)
be the Sierpiniski carpet. Let F,, |~]Fp,p(p) be the Sobolev space, seminorm and scaling

constant respectively as given in Theorem 1.1. Set dy(p) = % and

Jpr(f) ::/ ][ If(x) = f(y)]" m(dy)m(dzx) for each f € LP(K,m) and r > 0.
K J By(z,r)

Then, there exists C' > 1 such that
C—1|f|1]7__p < hr?ui)nf r_dW(P)(]p7T(f) < sup T_dW(p)Jp,T(f> <C |f|1}p for all f € LP(K’ m),

r>0



8 M. Murugan and R. Shimizu

and dy(p)/p = sp. In particular, F,(K,d,m) = B;i,“éép)/p([(, d,m) and

supr~ P 1 (f) < C? lirri%nf r~ @ 1 (f) forall f € LP(K,m). (1.4)

r>0

This result was previously obtained under the additional assumption p > dimagrc (K, d).
The above result answers a question of F. Baudoin as he asks if (1.4) is true for the
Sierpiniski carpet [Bau24]. Recently, Yang also proves (1.4) for generalized Sierpiriski car-
pets in the case p > dimagrc [Yan23+, Theorem 2.8]. If (1.4) were true, then [Bau24] ob-
tains number of useful consequences such as Sobolev embeddings and Gagliardo—Nirenberg
inequalities. Our notation dy (p) in Theorem 1.4 is inspired by the notion of walk dimen-
sion studied for p = 2 in the context of diffusion on fractals [KM23]. Similar to that
setting, dy(p) also plays a role as the exponent governing Poincaré inequality and capac-
ity bounds as shown in the following theorem.

Theorem 1.5 (Poincaré inequality and capacity upper bound). Let p € (1,00) and let
(K, d,m) be the Sierpinski carpet. Let E,, F, be the p-energy and Sobolev space in Theorem
1.1. Let dy(p) = loglo8p3 ) be as defined in Theorem 1.4 and let Tp(-) denote the p-energy
measure constructed in Theorem 1.2. Then there exist C; A > 1 such that for all v € K,

r >0 and f € F,, we have

/ 1 = fasen|” dm < Cras® / dr,(f).
By(z,r) By(z,Ar)

and

m(Ba(,r))

inf{&,(f) | f € FoNC(K), f| .0y = Lsupplf] € Balw,2r)} < C— 05,

where [,z = fdm.

B Baten

Theorems 1.1, 1.4 and 1.5 suggest that the Sobolev space we construct is canonical
since two different approaches lead to the same Sobolev space and natural analogies
of Poincaré inequality and capacity upper bound hold in this framework. The most
widely used definition of Sobolev space on a metric measure space relies on the notion
of upper gradient introduced by Heinonen and Koskela [HIK98]. Two different definitions
of Sobolev space (the Newton-Sobolev space) based on upper gradient were proposed by
Shanmugalingam [Sha00] and Cheeger [Che99] but these two definitions lead to the same
Sobolev space on any metric measure space [HKST, Theorem 10.1.1]. The Newton-Soboev
space NVP(K, d, m) for the Sierpinski carpet is known to be trivial, that is, N'"?(K,d, m) =
LP(K,m) with equal norms, because the minimal weak upper gradient of any function is
0. We refer to Remark 9.6 for further details and references. The triviality of Sobolev
space based on upper gradient suggests the need for an alternate method to construct
Sobolev spaces on fractals such as the one considered in this work.

An important motivation for our work is quasisymmetric uniformization and the re-
lated attainment problem for Ahlfors regular conformal dimension. A recent work pre-
dicts that Sobolev spaces and energy measures are relevant to the attainment problem
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for Ahlfors regular conformal dimension [[KXM23, p.395-396]. Our work confirms this pre-
diction. To describe our results in this direction, we recall the relevant definitions of
conformal gauge and Ahlfors regular conformal dimension. Ahlfors regular conformal di-
mension is a slight variant of Pansu’s conformal dimension [Pan| and first appeared in
[BP03, BKO05]. Conformal dimension of boundary of hyperbolic groups and Julia sets
of complex dynamical systems are widely studied. We refer the reader to [MT] for a
comprehensive account of conformal dimension.

Definition 1.6 (Conformal gauge). Let (X, d) be a metric space and 6 be another metric
on X. We say that d is quasisymmetric to 6, if there exists a homeomorphism 7 : [0, 00) —
[0, 00) such that

0(z,y)
0(z, 2)

d
<7 (z,9) for all triples of points z,y, 2 € X, x # 2.
d(z, 2)

The conformal gauge of a metric space (X, d) is defined as

J(X,d) ={6: X x X —[0,00) | 0 is a metric on X, d is quasisymmetric to 6}. (1.5)

A Borel measure p on (X, d) is said to be p-Ahlfors reqular with respect to d if there
exists C' > 1 such that

C™ P < pu(By(z,7)) < CrP forall x € X,0 < r < 2diam(X, d).

The Ahlfors regular conformal dimension is defined as

dimago (X, d) = inf{p -0 ‘ 0 € J(X,d), there is a Borel measure pon (X, 0)}

that is p-Ahlfors regular with respect to

The infimum in the definition of dimarc (X, d) need not be attained in general [BK05,
§6]. The attainment problem for Ahlfors regular conformal dimension asks if the infi-
mum in the definition of dimarc(X,d) is attained by a ‘optimal’ metric and measure.
Quasisymmetric uniformization problem asks if there is a metric in the conformal gauge
isometric to a model space with more desirable properties. These two problems are often
related. For instance, it is a well-known open problem to determine whether or not the
conformal gauge of the standard Sierpiniski carpet contains a Loewner metric [HKST, p.
408], [K1e06, Question 8.3] (we recall the definition of Loewner metric in Definition 9.11).
Another related question is to determine if the Ahlfors regular conformal dimension of
the Sierpinski carpet is attained [BKO05, Problem 6.2]. As pointed out by Cheeger and
Eriksson-Bique, these two questions are essentially the same due to the combinatorial
Loewner property of the Sierpiriski carpet [BK13, Theorem 4.1], [CE, §1.6].

As a motivation for the attainment problem for Ahlfors regular conformal dimension,
we recall a long-standing conjecture in geometric group theory, namely Cannon’s conjec-
ture. It asserts that any Gromov hyperbolic group G whose boundary at infinity 0,,G
is homeomorphic to S? admits an action on the hyperbolic 3-space H? that is isomet-
ric, properly discontinuous and cocompact. Bonk and Kleiner show Cannon’s conjecture
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under the additional assumption that the Ahlfors regular conformal dimension of the
boundary at infinity 0,,G is attained [BK05]. Thus Cannon’s conjecture is reduced to an
attainment problem for the Ahlfors regular conformal dimension of 0,,G. We refer the
reader to ICM 2006 proceedings of Bonk for further context and details [Bon06].

Another related motivation for the attainment problem for Ahlfors regular conformal
dimension is to better understand Loewner spaces. Since Loewner spaces enjoy desirable
properties, it is useful to know if a given metric space contains a Loewner metric in its con-
formal gauge. To this end, Kleiner formulated a combinatorial version of Loewner property
that is necessary for such a Loewner metric to exist and is easier to check. Bourdon and
Kleiner verify combinatorial Loewner property for a number of examples including the
Sierpiniski carpet [BK13]. Kleiner conjectured that the combinatorial Loewner property
for a self-similar space is equivalent to the existence of Loewner metric in the conformal
gauge [K1e06, Conjecture 7.5]. Due to an observation of Cheeger and Eriksson-Bique [CE,
§1.6], Kleiner’s conjecture can be rephrased as a conjecture about the attainment prob-
lem as follows: combinatorial Loewner property for a self-similar space implies that the
Ahlfors regular conformal dimension is attained. We refer to the ICM 2006 proceedings of
Kleiner for further details and background [Kle06]. Added in revision: There has been a
very recent progress on Kleiner’s conjecture [Kle06, Conjecture 7.5]. Anttila and Eriksson-
Bique [AEB244-a] have verified that some variants of Laakso spaces [Laa00, Laa02] give
counterexamples to Kleiner’s conjecture, i.e., these spaces do not contain any Loewner
metric in their conformal gauges while these satisfy the combinatorial Loewner property.

In contrast to the attainment problem, the value of the Ahlfors regular conformal di-
mension is better understood. Indeed, Keith and Kleiner [BK13, Remark on p. 63] showed
that the Ahlfors regular conformal dimension can be described as a critical exponent of
discrete energies (or equivalently, discrete modulus). Carrasco gave an independent proof
of this fact [Car, Theorem 1.3] (see also [Kig20, Mur23b, Sha23] for related works). Since
we can understand the value of Ahlfors regular conformal dimension using discrete ener-
gies, it is also natural to try to understand the attainment problem using discrete energies.
Our next main result shows the relevance of discrete energies for the attainment problem
on the Sierpinski carpet. We conjecture that similar results should be true on a large
class of self-similar spaces.

As partial progress towards the attainment problem for Ahlfors regular conformal
dimension on the Sierpinski carpet, we show that if an optimal measure attaining the
Ahlfors regular conformal dimension exists then this measure is necessarily a bounded
perturbation of the p-energy measure of some function in our (1, p)-Sobolev space, where
p is the Ahlfors regular conformal dimension. This result confirms the relevance of energy
measures to the attainment problem for Ahlfors regular conformal dimension as predicted
earlier in [[KM23, p.395-396]. Furthermore, if the Ahlfors regular conformal dimension is
attained we identify our Sobolev space F, with Newton-Sobolev space of the attaining
metric measure space NV (X, 0, i) (see Definition 9.5 for the precise definition). Moreover,
the attaining measure is essentially equal to the energy measure I',(h) for some function

h e C(K)NF,(K,d,m).

Theorem 1.7. Let (K,d,m) denote the Sierpinski carpet and let p = dimarc(K, d).
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Suppose that there ezists 0 € J(K,d) and a measure pn on K attaining the Ahlfors reqular
conformal dimension; that is, p is a p-Ahlfors regular measure on (K,0). Let F, =
Fo(K,d,m),E, and T',(-) denote the Sobolev space, p-energy and p-energy measure as
giwen in Theorem 1.2. Then we have the following:

(i) The spaces Fp(K,d,m) and N'P(K,0, 1) are equal with comparable norms, semi-
norms, and energy measure. More precisely, it holds that C(K) N F,(K,d,m) =
C(K)NNYP(K,0, ), there exist a bijective linear map v: F,(K,d,m) — N"P(K,0, i)
and Cy > 1 such that o(f) = f for any f € C(K)NF,(K,d,m) = C(K)NN"P(K,0, )
(more precisely, the the equivalence class containing f in F,(K,d, m) is mapped to
the equivalence class containing f in N"P(K,0, 1)) and

CIIT,(F)(B) < /B g dii < O (F)(B)

for any Borel set B C K, f € F,(K,d,m), where gf(f) denotes the minimal p-weak
upper gradient of 1(f). In particular, C;'E,(f) < [ gf(f) dp < CLE,(f) for all
f € Fp(K,d,m). Furthermore, the corresponding norms are comparable; that is,

c™ ||f||fp(K,d,m) < ||L<f)HN17P(K,0,u) <C ||f||]-'p(K,d,m) for all f € Fy(K,d,m).

(ii) There exist h € Fp(K,d,m)NC(K) and Cy € (0,00) such that
Cy'T,(h)(B) < u(B) < Col,(h)(B)  for any Borel set B C K.
In particular, T')y(h) is a p-Ahlfors reqular measure on (K, 0).

Let us briefly explain how Theorem 1.7 could be potentially used to solve the at-
tainment problem. Although the attainment problem requires us to find optimal metrics
and measures, it is well-known that the metrics and measures determine each other (see
Lemmas 9.15 and 9.13). Therefore it suffices to look for optimal measure and use Lemma
9.13 to construct the corresponding metric. By Theorem 1.7, it suffices to look for op-
timal measures among energy measures of continuous functions. We conjecture that it
suffices to look for optimal measure among energy measures of p-harmonic functions (see
Conjecture 10.8). One could then hope to find a ‘good’ function whose energy measure is
optimal or rule out the existence of such function by a careful analysis of energy measures.
In fact, Theorem 1.7(ii) was inspired by a similar result for the attainment problem for
conformal walk dimension [KM23, Theorem 6.16]. Such a result was successfully used to
solve a similar attainment problem in [KM23].

More generally, we believe that Sobolev spaces and energy measures are relevant to
similar quasisymmetric uniformization problems and the attainment problem for Ahlfors
regular conformal dimension on other ‘self-similar spaces’ such as boundaries of hyperbolic
groups and Julia sets in conformal dynamics. It would be interesting to construct Sobolev
space, energy measures and prove analogues of Theorem 1.7 for fractals arising from
hyperbolic groups and conformal dynamics [Bon06, KleO6]. Another obvious question is
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to use Theorem 1.7 to solve the attainment problem. This motivates further study of
energy measures and p-harmonic functions.

Although we discussed three approaches towards defining Sobolev space based on
discrete energies, Korevaar—Schoen energies, and upper gradients, there are several omis-
sions. Among them, we mention Sobolev spaces constructed using two-point estimates
by Hajtasz (Hajtasz—Sobolev space) [Haj96], Poincaré inequalities by Hajtasz—Koskela
(Poincaré-Sobolev space) [HIK95, HK00], and using weak LP-estimates of gradient on hy-
perbolic fillings by Bonk-Saksman [BS18]. It would be interesting to understand if these
spaces or their variants are related to our Sobolev spaces constructed using discrete en-
ergies. Added in revision: There has been other recent works towards defining Sobolev
spaces [BBR24, Kuw24]. Their definitions of Sobolev spaces are based on the modulus of
gradient defined through a strongly local regular Dirichlet form.

1.1 Overview for the rest of the paper.

In §2, we introduce basic notions concerning capacity, modulus and volume growth of
graphs.

In §3, we introduce variants of the ball Loewner property due to Bonk and Kleiner
and of Loewner-type modulus lower bounds between connected sets. The main result
(Theorem 3.2) shows that lower bounds of modulus between balls imply lower bounds of
modulus between any pair of connected sets.

In §4, we use the lower bounds of modulus from §3 to obtain a discrete Poincaré
inequality. The proof of the Poincaré inequality in Theorem 4.2 follows an idea of Heinonen
and Koskela [HK98, Proof of Theorem 5.12].

In §5, we show that discrete Poincaré inequality along with capacity upper bounds
on graphs imply elliptic Harnack inequality for p-harmonic functions on graphs. In this
regime, to show the regularity of the Sobolev space we obtain Harnack inequality in a
discrete setting by using a geometric argument in [Mur23a] which improves the results of
[BCKO5] in the case p = 2. The Harnack inequality is then used to prove existence of
Holder continuous cutoff functions with controlled energy.

In §6, we introduce a framework describing the approximation of a metric space by
a sequence of graphs. We then define the Sobolev space using discrete graph energies
under the assumption that the sequence of graphs satisfy uniform Poincaré inequality
and capacity upper bounds. We obtain many basic properties of this Sobolev space such
as completeness, separability, reflexivity, and the existence of a dense set of continuous
functions in the Sobolev space.

In §7, we identify our Sobolev space as the Korevaar—Schoen space with comparable
energies. We express the critial exponent for Besov—-Lipschitz space in terms of the scaling
exponent for discrete energies.

In §8, we apply the results from previous sections to the planar Sierpinski carpet. To
this end, we check the assumptions imposed on the graph approximations for the con-
struction of the Sobolev space in §6 and pre-self-similarity condition imposed to construct
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a self-similar p-energy. We also describe the construction of the energy measure associated
to a self-similar p-energy and obtain its basic properties.

In §9, we show that any optimal measure for Ahlfors regular conformal dimension
on the Sierpinski carpet must necessarily be comparable to a energy measure. If the
Ahlfors regular conformal dimension is attained we identify the Newton-Sobolev space of
the attaining space with our Sobolev space.

In §10, we collect some conjectures and open problems related to our work.

Many of the proofs that rely on small modifications to known methods have been
omitted but an interested reader can find more complete proofs on arXiv [MS].

Notations. In this paper, we use the following notation and conventions.

(1) Ne={n € Z|n>0}and Z>y = NU{0}.

(2) For a set A, we write #A to denote the cardinality of A.

(3) Let X be a non-empty set. For disjoint subsets A and B of X, we use ALl B to denote
the disjoint union of A and B.

(4) For a € R, define sgn(a) = L(gn0)(a) — L(—sc,0)(a).

(5) For a,b € R, we write a Vb = max{a,b} and a A b = min{a, b}. Set a™ = a VvV 0 and
a” =a A0 for any a € R. We also use these notations for real-valued functions.

(6) For a € R, define [a], |a] € Z by

[a] =max{n € Z|n<a} and |a]=min{n€Z|a<n}.

(7) For arbitrary countable set V, define RY = {f | f: V — R}, {H(V) = [0, +00)V =
{f | f:V —=1]0,400)} and ¢H(V) = {f € [0,+00)" | #supp|f] < +oo}, where
supp[f] = {z € V| f(x) # 0}. Also, set oscy [f] == sup, v |f(z) — f(y)| for f € RY.

(8) Let (X, d) be a metric space. The open ball with center € X and radius r > 0 is
denoted by By(z,7), that is, By(z,r) = {y € X | d(z,y) < r}. If the metric d is clear
in context, then we write B(z,r) for short. We write B(x, R) for {y € X | d(x,y) <
r}. For a metric ball B, let rad(B) denote the radius of B. For A > 0 and a ball
B = B(z, R), define AB = B(x, AR).

(9) Let (X, d) be ametric space. We define diam(A, d) = sup,, ,c 4 d(x,y) and disty(A, B) =
inf{d(xz,y) |z € A,y € B} for A, B C X. We also use diamy(A) to denote diam(A, d).
If no confusion can occur, we omit the metric d in these notations.

(10) Let (X, o, 1) be a measure space. For f € L (X, p) and A € & with u(A) < +oo,

loc

we use fA f du to denote the averaged integral of f over A, i.e.

f 1du= ﬁ | 1@ utao)

We also write fa or (f)a to denote f . f dp if the underlying measure y is clear.

(11) Let (X, <7, u) be a measure space and let 1 < p < oco. For f € LP(X, pu), we use
| f]|, to denote the LP-norm of f. In addition, for any A € 7, define

110 = W7l = !f(ﬂf)|pu(dx))1/p~
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(12) Let X be a topological space. We use ZA(X) (resp. #A.(X)) to denote the set of
[—00, 0o]-valued (resp. [0, 0o]-valued) Borel measurable functions on X. (Note that
each element in Z(X) or A, (X) is defined on every points of X.)

2 Preliminaries

2.1 Basic facts and terminologies of graphs

Throughout this section, let G = (V, E) be a locally finite connected simple non-directed
graph, i.e. G = (V, E) is a simple connected graph, where V' is a countable set (the set of
vertices) and £ C {{x, y} ‘ r,yeVr # y} (the set of edges), satisfying

dego(z) =#{y eV | {z,y} € E} < +oo forallz e V.

We always consider G as a metric space equipped with the graph distance d = dg. In this
paper, we suppose that G has bounded degree, i.e. deg(G) := sup,cy degq(z) < +00.

A sequence of vertices § = [xy,...,x,] for some n € N is said to be a (finite) path in
G ifz; € V and {x;,2;41} € F for each i € {0,...,n — 1}. We frequently regard a path
6 as a subset {x;}!", of V. Define the length of 6 = [xy,...,x,]| by leng(6) == n. A finite
path § = [z, ..., 2,] is said to be simple if there is no loops, i.e. z; # x; for any distinct
i,j € {0,...,n}. Note that our definition excludes the case where a one point set {z}
becomes a path (since G has no self-loops). In particular, len(d) € N for a finite path 6.

For any subset A C V| we define
E(A) = {{z,y} € E | z,y € A}.

A subset A C V is called a connected subset of V' (with respect to G ) if dia,g(ay)(x,y) < 00
for all x,y € A.

For arbitrary A C V', define
0;A = {x € A | there exists y € V' \ A such that {z,y} € E},

0A ={x € V'\ A| there exists y € A such that {z,y} € E},

and A = AUJA. The set 9;A (resp. JA) is called the interior (resp. exterior) boundary
of Ain G. The set A is a kind of closure of A in G.

2.2 Combinatorial p-modulus of path families

We recall the notion of combinatorial modulus of discrete path families on a graph and a
few basic properties. For a path 6 in G = (V| E) and p € ¢7(V), define the p-length of 6,
Lp(‘g); by

Ly(0) = ZP(U)‘

v€ED
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For arbitrary path family © on G, define the p-length of © by L,(©) = infpce L,(#). The
set of admissible functions Adm(©) for © is given by

Adm(0) = {p € £*(V) | L,(0) > 1}.

Definition 2.1. Let © be a family of paths in G and let p > 0. The (combinatorial)
p-modulus Modf(@) of © is

Mod{ (©) = inf(e) o7y =  inf Zp(v)p'

€Adm €Adm(©
P P ( )vGV

We also use Mod,,(©) to denote Modf () when no confusion can occur.

Remark 2.2. For a path family O, define V[0] :={v € V | v € #' for some § € ©}. We
_easily see that é) € Adm(©) implies ply(e] € Adm(©). This observation yields ModS (©) =
infpeaameo) [Pl ve)-

The following properties of p-modulus is well-known.
Lemma 2.3 (e.g. [HKST, Section 5.2]). Let p > 0.
(i) ModS(0) = 0.
(i) If path families ©; (i = 1,2) satisfy ©1 C Oy, then Modf(@l) - Modf(@g).
(iii) For any sequence of path families {O,, }nen,

Mod§ (U @n> < i Mod$(©,).
n=1

neN

(iv) Let ©,04 be families of paths. If all path 6 € © has a sub-path 0y € O (i.e.
04 C 6), then ModS (©) < ModS (©4).

If p > 1, then by the strict convexity of P, there exists a unique p € Adm(©) such
that Modg(@) = ey PV
For subsets A; CV (i =0,1,2) with Ao U A; C A,, define

Path(Ao, Al; AQ) = {[xm Ce ,In]

neN{z;, z;1} € Eforany i =0,...,n—1,
l’iGAQ(iZO,...,n),IOGAQ,QZ'nGAl ’

and we write Mod, (Ao, A1; As) for Mod, (Path(Ag, A1; A2)). We use Path(Ag, 4;) and
Mod, (A, A1) to denote Path(Ag, A1; V') and Mod, (Ao, A1; V') respectively. If we need to
specify the underlying graph G, we will use the notation Pathg( Ay, A1; As).

The following lemma is used to obtain lower bounds on modulus. Roughly speaking,
modulus lower bound of a curve family is equivalent to existence of shortcuts. This
property is used in [BKO05] and a direct consequence of the definition of modulus (and
Holder’s inequality) as observed in [BK13, Lemma 2.7].
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Lemma 2.4. Let p > 0. Let © be a family of paths in G and let ¢ > 0. If Mod,(©) > c,
then for any e > 0 and p € £1(V) there exists a path 6 € © such that

Ly(0) < (1 +e)e P |lpll, e - (2.1)

Conversely, if for any p € £¥(V) there exists a path 0 € © such that L,(0) < ¢~1/P o1l
then Mod,(©) > c. In particular, if p > 1, L € N and there exists § € O such that
len(0) < L, then

Mod{(©) > L' (2.2)

2.3 Discrete p-energy, p-Laplacian and associated capacity

For f € RY, the length of discrete gradient of f, |V f|: E — [0,+400), is given by

Vf({z,y}) = [f(y) = f(2)] for {z,y} € E.
We abbreviate [V f|({z,y}) as [Vf|(z,y) for each {z,y} € E.
Definition 2.5. Let p > 0 and let A C V. For f,g € RV, define
ESNfig) = > sen(f(y) — F@)If(y) — F@)P  (g(y) — 9(=)).
{zy}eE(A)
The p-energy of f on A is given by EEA(f) = EEA(f; f), ie
N =Y Niwyr= > If@-fol
{zy}eE(4) {z.y}eE(A4)

We write £5(f; g) and ES(f) for £5,(f;g) and EF\(f) respectively. We omit the under-

lying graph G in these notations 1f no confusion can occur.

We recall basic properties of discrete p-energy, which are immediate from the definition.

Lemma 2.6. Letp >0 and AC V.
(a) EZA(f NV ETAV g) S EZAS) + Ealg) for any f,g € RA.

(b) Ealf - 9) < 21V D) (gl ) Egialf) + 11£ e 4 Eial9)) for any f,g € R™

Next we recall the definition of discrete p-Laplacian using a discrete version of inte-
gration by parts. Let (-, -)s2(v.qeq) denote the inner product of £2(V, deg)

Definition 2.7. Let p > 0. The p-Laplacian Ag: RY — RY on @ is defined by, for
feRY and z €V,

1
deg(x)

(AT ) () = > sen(f(y) — f@)If () — fl)P (2.3)

yev;
(z,y)€E
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A function f € RV is said to be p-superharmonic (resp. p-subharmonic) at x € V if
AGf(z) <0 (resp. AYf(z) > 0). In addition, f is said to be p-harmonic at = € V if
Afff(x) =0. fACV and Aff(x) = 0 for every x € A, then f is said to be p-harmonic
in A. p-superharmonic, p-subharmonic functions in A are defined in similar ways.

The following lemma describes a well-known property of p-superharmonic (resp. p-
subharmonic) functions, namely the minimum (resp. mazimum) principle.

Lemma 2.8 ([HS97a, Theorem 3.14] or [MY92, Theorem 7.5]). Let A be a non-empty
connected subset of G. Let f € RV be p-superharmonic (resp. p-subharmonic) in A.

(a) If there exists x € A such that f(x) = min_z f(2) (resp. f(z) = max_ 7 f(2)),
then f is constant on A.

(b) If A is finite, then ming, f = ming f (resp. maxgpa f = maxy f).

The discrete p-capacity plays an important role in the first part of this paper.

Definition 2.9. Let p > 0 and let A; C V (i = 0,1,2) with Ay U A; C A,. Define the
p-capacity between Ay and A; in Ay by

capy (Ao, Ay; Ao) = inf{E5,, (f) | f€RY, f=00n Ay and f =1 on A;}.

p, Az

We write capg(Ao, Ay) for capg(Ag, Ay; V). The underlying graph G is omitted in these
notations if no confusion can occur.

The following monotonicity of p-capacity is immediate from the definition.
Lemma 2.10. Letp >0 and let A; CV (1 =0,1,2). If A, C A; (1 =0,1), then

Capff(A&, Al Ag) < cap,?(Ao, Ay Ag)

Typical p-harmonic functions are given as equilibrium potential of p-capacity:

Lemma 2.11 ([HS97a, Theorems 3.5 and 3.11]). Let p > 1. Let Ay, Ay CV and let Ay be
non-empty connected subset of V- with AgNA; = 0 and AgUA; C Ay. There exists a unique
function (called equilibrium potential) p: Ay — [0, 1] such that p|a, =i fori=0,1 and
55,42(90) = Capg(Ao, Ay; As). Furthermore, ¢ is p-harmonic in Ay \ (Ao U Ayp).

On bounded degree graphs, the notions of modulus and capacity between sets are
comparable as observed by He and Schramm [HS95, Theorem 8.1].

Lemma 2.12 (e.g.[Kig20, Proposition 4.8.4]). Let p > 0. Then there exists C > 1
depending only on p,deg(G) such that the following statement is true: for any A; C
V(Z = O, 1,2) with AO U Al g AQ,

C’flcapf(Ao, Al, A2> < MOdg(A(), Al, A2> < Ccapf(Ao, A17 Ag) (24)
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2.4 Volume growth conditions

We recall doubling properties and Ahlfors regularity on graphs and metric spaces.

Definition 2.13. A metric space (X,d) is said to be metric doubling if there exists
Np € N such that any ball By(z,7) can be covered by at most Np balls with radii /2.
A Borel measure m on X is said to be volume doubling (VD for short) with respect to d
if there exists Cp > 1 such that

0 < m(By(x,2r)) < Cpm(By(z,r)) <oco forallze X, r>0. (VD)

A graph G = (V) E) is volume doubling if VD holds with respect to the graph distance
and the counting measure.

Definition 2.14. Let d; > 0. A metric space (X,d) is said to be dg-Ahlfors reqular
(AR(ds) for short) if there exist Cag > 1 and a Borel measure m on X with

Canr® <m(By(w,7)) < Cagr™ for any z € X and r € (0,2diam(X,d)). (AR(df))

We also say that m is dg-Ahlfors regular in such a case. The metric space (X, d) or a Borel
measure m is said to be Ahlfors regular if it satisfies AR(d;) for some di > 0. We shall
say that a graph G = (V| E) is d¢-Ahlfors regular if the condition above defining AR(dy)
holds with respect to the graph distance and the counting measure for all x € V' and for
all r € [1,diam(V) 4 1).

We recall a few elementary consequences of these definitions.

Remark 2.15. Let (X, d) be a metric space.

(1) If there exists a volume doubling measure m on (X, d), then (X, d) is metric doubling
whose doubling constant Np depends only on the doubling constant Cp of m. [Hei,
Chapter 13]

(2) If a Borel measure m on X satisfies AR(dy) for some dy > 0, then m is volume dou-
bling whose doubling constant Cp depends only on Cag and dy > 0. Furthermore,
AR(dr) implies that the Hausdorff dimension of (X, d) is dy.

We recall the following consequence of the volume doubling property.

Lemma 2.16. Let (X,d) be a metric space and let m be a Borel measure on X satisfying
VD. Then there exists a > 0 depending only on the doubling constant Cp such that

m(Ba(z, 1))
m(Ba(y, 7))

In particular,

d [e%
<P (M) foranyx,y € X and 1 <r < R<oco. (VD(«a))

m(By(z, R)) < CpR* for anyx € X and 1 < R < diam(X,d). (2.5)

Since increasing « does not affect the validity of VD(«), we assume that o« > 1 for
much of this work.
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3 Loewner-type lower bounds for p-modulus

Throughout this section, let p > 1 and let G = (V, E') be a locally finite connected simple
non-directed graph.

We introduce the following Loewner-type lower bounds on modulus between balls.
The case with exponent ¢ = 0 was introduced by Bonk and Kleiner [BIK05, Proposition
3.1]. This was extended by Bourdon and Kleiner [BIK13, Proposition 2.9] to a discrete
setting.

Definition 3.1. Let ¢ € R. A graph G satisfies p-combinatorial ball Loewner condition
with exponent ¢ (BCL,(() for short) if there exists A > 1 such that the following hold:
for any x > 0 there exist cgcr (k) > 0 and Lpcr (k) > 0 such that

Modg({G € Path(By, By) | diam @ < Lpcr(k)R}) > cpen(k) RS (BCL,(¢))

whenever R € [1,diam(G)/A) and B;(i = 1,2) are balls with radii R satisfying
diSt(Bl, Bg) S kR.

In this section, we discuss BCL,(() and prove a key estimate (Theorem 3.2) in this
paper. The setting of this section is given by the following condition:

The underlying graph G satisfies BCL,(¢) and 1 —p < ¢ < 1. (BCL™(¢))

We are interested in the case where ¢ is the ‘largest’ possible value. Since BCLLOW(l - D)
is always true by (2.2), there is not much loss of generality in the assumption ( > 1 —p
but the inequality ¢ < 1 need not be true in general but holds in many ‘low dimensional
settings’ such as the Sierpinski carpet.

Under BCL;’W(C), we can show a generalized lower bound of p-modulus as in the
next theorem, which is one of the main results in this section. It states that Loewner-
type lower bounds on modulus between balls imply analogous lower bound on modulus
between any pair of connected sets. This result plays important roles in the proofs of
Poincare inequality in §4 and elliptic Harnack inequality in §5. The following theorem
can be viewed as an extension of a result of Bonk and Kleiner from ¢ = 0 to more general
exponent ¢ [BK05, Proposition 3.1], [BK13, Proposition 2.9].

Theorem 3.2. Assume that G is bounded degree graph that satisfies p-combinatorial ball
Loewner condition BCL;)OW(C) with exponent ¢ € [L —p, 1), wherep > 1. Let kg > 0. Then
there exist ¢, L > 0 depending only on the constants associated to the assumptions such
that the following holds: If F; (i = 1,2) are disjoint connected subsets of V' that satisfy

diSt(Fl, Fg)
N X S Ro,
diam F] A diam F,

then
Mod§ ({6 € Path(Fy, F») | diam 6 < LRy}) > cRg, (3.1)

where Ry := 2dist(Fy, Fp) A %diam A %diam L.
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Similar to [BK05, BK13], the idea behind its proof is to show the existence of a shortcut
with respect to an arbitrary function p € £7(V') and use Lemma 2.4. The following lemma
is a key ingredient, which is a discrete analogue of [BK05, Lemma 3.7] (see also [BK13,
Lemma 2.10]). We omit its proof because it is essentially the same as [BIK05, Lemma 3.7].

Lemma 3.3. Suppose that G = (V, E) satisfies BCL,(C). For any X\ € (0,1/8), let
Ly = Lpcr(3x) + 5. Let (B, F1, F) be a triple such that B = B(x, R) for some x € V
and R > 16 and F; (i = 1,2) are connected subset of V. If the triple (B, F, Fy) satisfies

FiﬂiB#Q and F\B#£0 (i=1,2), (3.2)

then for any p € (1(V') there exist x; € F; (i = 1,2) satisfying the following properties:

(i) For each i = 1,2, v; € B(x,3R/4) and d(z,x1) A d(z, 1) < 3R/8. Furthermore,
B; = B(x;, \R) satisfies %B,- C %B and B; N By = 0.

(ii) There exists a constant Cgye > 0 (we can take Cqy = 128) such that ||p||? 5 <
CaeANV R [pll} 5 for each i =1,2.

(iii) There exists 6 € Path(%Bl, %LBQ) such that 6 C LyB, diamf < LBCL(%)R and
L,0) < Cp,AO‘R)_C/p ||Io”p,L>\B7
where C, x > 0 is a constant depending only on p,(, A and cBCL(%).
(iv) F;N1B;, 0N 1B;, F;\ B; and 0\ B; (i = 1,2) are non-empty.
Let us sketch to the proof of main result (Theorem 3.2) using Lemma 3.3.

Sketch of the proof of Theorem 3.2. Since the proof is essentially same as the proofs of
[BKO05, Proposition 3.1] and [BK13, Proposition 2.9], we only sketch the argument.

Let p € ¢*(V). By Lemma 2.4, it suffices to show the existence of a path 6 with
diam() < LRy and L,(0) < Ry*? [|p]l,-

First we choose balls B; and B centered at I} and F, respectively with radii ARy. A
use of Lemma 2.4 and the ball combinatorial Loewner condition implies that there exists
L,-shortcuts between balls By and Bs, say of radius ARy/4 where A < 1/8 centered at
the two connected sets (see Lemma 3.3). The two gaps at scale ARy are now inductively
filled by paths between suitably chosen balls creating four gaps at scale A2R,. Note that
the Lemma 3.3 can be inductively applied to 2¥ gaps at scale \* R, as long as \*Ry > 16
since the condition (3.2) is guaranteed by Lemma 3.3(iv). The balls are chosen so that
the p-mass decays linearly with the radius (cf. [BK05, Lemma 3.5] and Lemma 3.3(ii)).
Continuing inductively, we obtain L,-shortcuts that the total length of gaps at scale A*R
with A*Ry > 1 is of the order (CA\)FU—O/PR=C/P where CA < 1. If A*Ry < 16, we use

~

(2.2) in Lemma 2.4 to fill the gaps at the smallest scale. The p-length of this shortcut
can therefore be bounded by a geometric series Y r ,(CA)FI=O/P R /P This geometric
series converges and provides the desired shortcut if ¢ < 1. O
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We also frequently use the following consequence of Theorem 3.2.
Corollary 3.4. Assume that G is bounded degree graph that satisfies p-combinatorial ball

Loewner condition BCLY™Y(C) with exponent ¢ € [1—p, 1), where p > 1. There exist ¢ > 0
and L > 1 depending only on the constants associated with the assumptions such that if

F; (i = 1,2) are connected subsets of V' satisfying #F; > 2, F;N B # 0 and F; \ 4B # )
for some ball B with radius R > 0, then
Mod{ (Fy, F3;4LB) > (R V 1)°. (3.3)

Proof. We first consider the case R > 2. Notice that V' \ 4B # (). Since F; is connected,
we can find a connected subset F; of F; satisfying the following conditions (i)-(iii):

(i) F1 C FiN (2B\ B) and F>, C F, N (4B \ 3B).
(i) FsNB %0 and F, N 3B # 0.
(iii) Fy \ 2B # 0 and Fy \ 4B # 0.

Then we immediately see that 3R > diam F} > diam F, = [4R] — [3R] > LR and

1

2
~ = 1

8R > dist(Fy, F») > [3R] — [2R] > 5R.

Hence, by applying Theorem 3.2 for E, there exist ¢, L > 0 depending only on the
constants associated with the assumptions such that

Mod, ({0 € Path(Fy, F5) | diam ¢ < LR}) > cR¥.
By Lemma 2.3(ii),
Mod$ ({0 € Path(Fy, F3) | 6 C (L +1)B}) > Modg'({e € Path(F}, ) | diam 6 < LR}),

which implies our assertion in this case.

Next we consider the case R < 2. Let L > 0 be the same as in the previous paragraph.
Then, by (2.2) in Lemma 2.4, we have

ModS ({0 € Path(Fy, F») | 6 C (L +4)B})
> Modf({@ € Path(F}, F,) | 6 is a shortest path})
> 4P =4"P(RV1) ¢ (RV1) >4"P(27' A1) (R V1),

where we used (RV 1)7¢ > (RV1)"' A1P7! and R < 2 in the last inequality. O
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4 Discrete (p, p)-Poincaré inequality

Throughout this section, let p > 1 and let G = (V, E') be a locally finite connected simple
non-directed graph.

The goal of this section is to show that the ‘low-dimensional’ p-ball combinatorial
Loewner type property BCL;OW(C ) implies a Poincaré inequality. We shall give the defini-
tion of (weak) (p, p)-Poincaré inequality in our setting.

Definition 4.1. Let 8 > 0. A graph G satisfies (p, p)-Poincaré inequality of order [
(PL,(B) for short) if there exist Cpr, Ap; > 1 such that for any z € V, R > 1 and f € RV,

S W) — feen|” < CorR°ESp 0 apm (f)- (PL(8))

y€B(z,R)

The main result in this section (Theorem 4.2) shows that the (p, p)-Poincaré inequality
follows from the the combinatorial ball Loewner-type property BCL;‘)W(C ) and VD. This
result and its proof are inspired by a similar theorem of Heinonen and Koskela [HIK98,
Theorem 5.12]. Although the result in [HK98] corresponds to the case ( = 0 the proof
there works when ¢ < 1.

Theorem 4.2. Let G = (V, E) be a graph satisfying VD(«) and BCLIY((), where a > 1
and ¢ € [1 —p,1). Then G satisfies PL,(3), where f = a — (, Ap1 = 2 and Cpy depends
only on the constants associated with the assumptions.

The proof of Theorem 4.2 is done in two steps. In the first step, we introduce a two-
point estimate that is a sufficient condition for the Poincaré inequality (see Definition 4.3
and Lemma 4.5). In the second step, we show that the combinatorial ball Loewner-type
property BCLLOW(C ) implies the two-point estimate (Lemma 4.6).

The following definition gives a discrete generalization of pointwise estimates (see
[HEK00, (15)] or [HK98, (5.16)] for example).

Definition 4.3. Let § > 0. The graph G satisfies the p-two-point estimate of order (8
(TP,(B) for short) if there exists Crp > 0 such that for any z € V, R > 1, f € RV and
,y € B(z,CypR),

P EEB(x,r)(f) 5;7(,;3( ,T)(f)
(@) = S < Cre? (%W*%W B

It is easy to see that VD(«a), where a > 1, implies TP, (oo +p — 1).

A well-known telescoping sum argument show that Poincaré inequality implies the two
point estimate. This follows from a straighforward modification of the proof of [HIK98,
Lemma 5.15] or a discrete version of that argument in the special case p = 2 in [Mur20,
Lemma 2.4]. We omit its proof as we will not use the lemma below.

Lemma 4.4. Let G = (V, E) be a graph satisfying VD and P1,(3) for some > 0. Then
G satisfies TP, ().
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The following lemma is a converse of the previous lemma, which can be shown by
following [HIKX98, Lemma 5.15] with minor modifications. Let us recall the notion of
median. For f € RV and A C V, a median of f on A is a number a € R such that

1
#weA|f(z)>aN#H{we Al f(z) <a} > Q#A'
We write med(f, A) to denote the set of medians of f on A. Note that med(f, A) # 0.

Lemma 4.5. Let G = (V, E) be a graph satisfying VD and TP () for some > 0. Then
there exist C' > 0 and A > 0 depending only on p,Cp,deg(G), Crp such that

Z If — @‘p < CRﬂggB(a:,AR)(f)7 (4.1)
B(z,R)
foranyx €V, R>1, fcRY, a € med (f, B(z, R)) In particular, G satisfies PL,(5) by
[BB, Lemma 4.17].

Finally we prove PL,(a — () for a graph G satisfying BCL;)OW(C) and VD(a) with
exponent o > 1. By virtue of Lemma 4.5, it is enough to show the following lemma.

Lemma 4.6. Let G = (V,E) be a graph satisfying VD(a) and BCLY¥(¢). Then G
satisfies TP, (o — () and the associated constant Crp depends only on constants involved
in the assumptions.

Sketch of the proof. The proof is an adaptation of [HK98, Proof of Lemma 5.17] which
we briefly recall. This is a proof by contradiction. Suppose to the contrary that there is
a function |f(z) — f(y)| = 1 such that

Exnn () Exnn (f)

p,B(z,r) p,B(y,r) —B
s ———— <R 4.2
re%?gR) #B(x,7) + reI(I(l):dc}'(R) #B(y,r) — ¢ ’ (4.2)

where R = d(z,y), C > 2 and ¢ > 0 is small enough. Set p(v) = max.cgvec |V fl(€),
veV,and f=a—(>0.

Pick a geodesic path 7 from z to y. By Lemma 2.4, (4.2) and Theorem 3.2, for Cy > 1
and 1 < r < Cyr < R/2, there exists a curve 6, joining B(z,7)Nvy to B(z, Cyr)° N~y where
z € {x,y} such that

Lo(6,) S /7(r/R).
By choosing r’s along a geometric sequence of scales K 7R, j € N and joining shortcuts
Ox-ir and 0k -j—1p again by using Lemma 2.4, (4.2) and Theorem 3.2 yields a L,-shortcut
0 connecting x and y such that

Lp(0> S 61/102 K*jﬁ/p < 0361/10
j=0
where C5 only depends on the constants associated with the assumptions. By the triangle
inequality L,(#) > |f(z) — f(y)| = 1 and hence we obtain the desired contradiction if
e < 5P O

Proof of Theorem /.2. Combining Lemmas 4.5 and 4.6, we obtain Theorem 4.2. O
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5 Discrete elliptic Harnack inequality

This section is devoted to Harnack type inequalities for discrete p-harmonic functions.
Such estimates are crucial to establish that the Sobolev space we construct has a dense
set of continuous functions.

Throughout this section, let p € (1, 00) and let G = (V, E) be a locally finite connected
simple non-directed graph.

5.1 EHI for discrete p-harmonic functions

The Poincaré inequality introduced in Definition 4.1 implies a lower bound on capacity
across annulus. Let us introduce a matching capacity upper bound which serves to identify
the exponent 3 introduced in Definition 4.1 as the best possible one.

Definition 5.1. Let 5 > 0. A graph G satisfies cap, <(3) if there exist Cep > 0 and
Acap > 1 such that for any x € V and R € [1,diam(G)/Acap),

#B(e, R)

cap’ (B(z, R), B(x,2R) ) < Ceap VT

(capy,<(5))
The following generalization of cap, <(f) is well-known and done by a standard cov-
ering argument using the metric doubling property.

Lemma 5.2. Let d¢ > 1,8 > 0 and let G = (V, E) satisfy AR(ds) and cap, <(3). For
any 6 € (0,1) there exists Ceap(0) > 0 depending only on § and the constants associated
with the assumptions such that for any x € V and R > 671,

#B(x,0R)

Capf (B(x’ 6R)’ B(‘T’ R)C) < Ocap(5> RS

To prove Harnack type inequality, the log-Caccioppoli inequality (e.g. [HS97bh, 2.12
Corollary]) is a standard technique. The proof for the case p = 2 in [KZ92, (7.5) Lemma]
extends easily to the general case p € (1, 00)

Lemma 5.3 (Log-Caccioppoli inequality). Let p € (1,00). Let ACV and ¢: V — [0,1]
with supple] C A. If h: V — (0,00) is p-superharmonic in A, then for some constant
Cp > 0 depending only on p,

> (p(@) Apy)P)log h(z) —log h(y)” < C, EF (). (5.1)
(x4} B(A)

The main result of this section is the following elliptic Harnack inequality. A similar
proof in the classical setting can be found in [Hol03, Theorem 4.3].

Theorem 5.4. Let p € (1,00), df > 1 and § > 0. Assume that G satisfies AR(dy),
BCLY(di — 3) and capy, <(f). Then there exist oy € (0,1) and Cu > 1 depending only on
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the constants associated with the assumptions such that, for any x € V and R > 1 with

B(z,R) #V,if h: V — [0,00) is p-harmonic in B(z, R), then

max h<Cyg min h. (5.2)
B(z,0uR) B(z,0uR)

Proof. Fix oy € (0, (4L)_1), where L is the constant appeared in Corollary 3.4. By
Lemma 2.3, we can assume that L > 2 without loss of generality. Let ¢ > 0 and set
h. = h + ¢. Note that h. is also p-harmonic on B := B(z, R). Define

m:= min h., and M = max h..
B(z,0uR) B(z,0uR)
If R < 4L, then B(z,0yR) = {x} and thus m = M. Hence it is enough to consider
the case R > 4L. In this case, we always have R — oyR > 4L — 1 > 2. in particular
B(z,R)\ B(x,0uR) # 0. Using the maximum/minimum principles (Lemma 2.8), we can
find paths €, Omax in G satisfying the following conditions (i) and (ii).

(1) emin g {ha é m} and emax g {ha Z M}7
(i1) Gumin, Omae € Path(8;B(x, 6uR), 8 B(x, R): B(z, R)).

Set § = 4dyL € (0,1). Since B(z,46yR) C B(x,3B) by L > 2, it follows from
Corollary 3.4 that there exists ¢ > 0 depending only on the constants associated with the
assumptions such that

ModY (Oumin, Ormax; 0B) > ¢ R*~F. (5.3)
In order to show (5.2), it suffices to consider the case m < M. Define h. =
m(logha - lognz) and hf = (hL V 0) A1l. Then we easily see that hy €
AdM (i, Omax), where h*: V' — [0, 00) is defined as
hi(z) = max |hi(z)—hi(y) forzeV.

yeVi{zylekE

Noting that m > ¢ > 0, we have

p

. —-p
ModY (Brin, Omax; 0B) < CESs 5 (hr) < C deg(G) <1og %) ESsp(log he), (5.4)

where C > 1 is the constant in Lemma 2.12.

Let ¢ be the equilibrium potential of cap$ (0B, B°) such that @’(;B =1land ¢|, =
0. Since h. is positive and p-harmonic function in B, by applying the log-Caccioppoli
inequality (Lemma 5.3) for the tuple (h, ¢), we obtain

E%B(log he) < Cpcapf((SB, B°). (5.5)

p

From (5.3), (5.4), (5.5), cap, <(f), Lemma 5.2 and (2.5), we obtain

M P
cR% P < CpCeap(0) - Card® deg(G) (log E) R%=8
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which implies

maxs,ph +¢€ < 1/p

log - = log [P < (c—lcpccap(z;LaH) COar(4L6y)% deg(G)) = log Cy.
Hence,
rglaé{h%—& < CH(ﬂi£h+5)‘
Since € > 0 is arbitrary, (5.2) holds. O

A standard argument using Moser’s oscillation lemma immediately yields the following
interior Holder regularity of harmonic functions (see [Sal02; §2.3.2] or [Bar, Proposition
1.45]). Recall the definition of oscillation oscg[h] below from Notation (7).

Corollary 5.5. Let p € (1,00), df > 1 and B > 0. Assume that G satisfies AR(dy),
BCL;)OW(df —0) and cap, <(3). For any X € (0,1) there exist Cys1, Oz > 0 depending only
on the constants associated with the assumptions such that for any non-negative function
h € RV which is p-harmonic in a ball B with radius R > 1,

dG<:E7y)
R

One1
Ih(z) — h(y)| < Cha < ) ogc[h], for all x,y € AB. (5.6)

5.2 Holder continuous cutoff functions with controlled energy

In this subsection, we construct globally Holder continuous cutoff functions with con-
trolled energy. Although energy minimizers for capacity are p-harmonic, the local Holder
regularity given by Corollary 5.5 is not sufficient to conclude the desired global Holder
regularity asserted in Theorem 5.6. This requires an additional Harnack-type estimate
near boundaries.

The following theorem asserts the existence of Holder continuous cutoff functions with
controlled energy and is the main result in this subsection. This will in turn be used to
show that our Sobolev spaces have a dense set of continuous functions.

Theorem 5.6. Let p € (1,00), df > 1, f > 0 and K > 1. Assume that G satisfies
AR(ds), BCLYY(de — ) and capy, <(3). Then there exist 8,,C, > 0 depending only on the
constants associated to the assumptions such that the following hold: for any z € V' and
R > 1 with B(z, KR) # V, there exists a function ¢, r: V — |0, 1] satisfies

SDZ,R‘B(Z’R) = 17 supp [SOZ,R] g B(Zv KR)? (57>

£ (pr) < C.RY, (55)

and

dg(z,y)

0+
punle) — )] < C ()T or any € v, (5.9)



Sobolev spaces on the Sierpinski carpet 27

Proof. Let 6y € (0,1) be the constant in Theorem 5.4. Then we let

K -1 K -1 03
- —1 A AT
dog+ 65 +1 14665 10

> 0,

fix e € [10716,,4,), and set R, := 7. The case 1 < R < R, follows by observing that

the function KR — do(e,2) N
punte) = (Ve m) A

satisfies the desired properties.
Hereafter, we consider the case R > R,. Define

D = B(z,KR)\ U B(w2e6y'R) |,
wed; B(z,KR)

and let ¢ = ¢, g be the equilibrium potential with respect to capf (B(z, R), DC) satisfying
@}B(Z p=1 and supp[y] C D, which exists by Proposition 2.11. Note that B(z, KR) #V
implies 9; B(z, KR) # 0. For any w € 9;B(z, KR) and y € B(w, 2e65"R),

dg(Z,y) > dG(Z7w> - dG(w7y) > LKRJ - 2861;1]—%
> (K — R ' —2e5;" )R> (K — e — 2¢05")R,

which implies B(z, K'R) C D, where K’ := K'(¢, 0y, K) == K — & — 2e05" > 1. Here we
used ¢ < (K —1)/(1+665") < (K —1)/(1 +205") to ensure that K’ > 1. By Lemma
2.10, cap, <(5), AR(ds) and Lemma 5.2,

&5 (p) = capy (B(z, R), D) < capy (B(z, R), B(z, K'R)?) < C'"R™7,

where C’ > 0 depends only on the constants associated to the assumptions.

The rest is proving (5.9). It suffices to show the following Hélder regularity on each
balls with radii e R: there exist C,6 > 0 depending only on the constants associated with
the assumptions such that

d 0
lo(z) —@(y) < C (%) for all 2/ € D and z,y € B(Z,eR). (5.10)

Fix 2/ € D and set B, := B(2/,2¢R). We consider the following three cases.

Case 1: §;'B. C D\ B(z, R). Note that oscy[p] = 1 and that ¢ is p-harmonic in d;;"' B..
The estimate (5.10) follows from Corollary 5.5.

Case 2: 6;' B, N B(z, R) # 0. Since diam (05" B,) < 4ed;' < K'—1bye < (K—1)/(1+
605"), we have from ;' B, N B(z, R) # 0 that 05' B, C B(z, K'R) C D. If B, C B(z, R),
then max, yep, lp(x) — ¢(y)] = [L — 1] = 0 and thus (5.10) is evident. In the rest of this
part, we suppose B(z, R) \ B, # (). Define

m, = mingy and M, = maxp.
B, B,
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Clearly, 0 < m, < M, < 1. By B(z, KR) # V, we note that 62-51;13* # (). Since ¢ is
p-superharmonic in D, by the minimum principle (Lemma 2.8), there exists a path vy
in GG satisfying

Ymin € Path(9;B., 0;65" B.; 65" B,) and  ymin C {p < m,}.

Since

J
diam B, + rad(dy;'B,) < (4 + d")eR < ?H ‘R <R,
where we used ¢ < 64/10 < 6%/(2 + 80y) to ensure (4 + 0g')e < 27'6y, we obtain
z & 05" B.. This together with gp‘B(Z p = Maxy ¢ = 1 implies that there exists a path
Ymax i G such that

Vmax € Path(@-B*,@-(SﬁlB*; (5&13*) and  Ymax € {p > M.},

where we used the maximum principle (Lemma 2.8) on D\ B(z, R) if necessary. Indeed,
for any z¢g € 9;B(z, R) N 65" B., there exists a path vy € Path({zo}, ;05" B.; 05" B.),
which automatically satisfies 79 C {¢ = 1} C {p > M.}. If B, N B(z,R) # 0, then
Ymax = Yo is enough. Suppose B, N B(z, R) = (. Since ¢ is p-harmonic in 65" B, \ B(z, R),
an application of the maximum principle yields a path v; € Path(9;B.,0B(z, R); 6" B.)
satisfying 71 C {¢ > M.}. Let us denote the endpoint of v, in dB(z, R) by x;. By
choosing g € 0;B(z, R) N 65" B, so that {zg, 21} € E, we obtain the desired path Yy
by concatenating o, {zo, 21} and ;.

Using these paths Y, and ymax, we can cary out the same argument as in the proof of
Theorem 5.4. Indeed, since ¢ is positive and p-superharmonic in D, the log-Caccioppoli
inequality (Lemma 5.3) yields

SSB*(log v) < C, capg (B*, (5&13*)0).

Similar to Theorem 5.4, we can obtain maxpg, ¢ < Cyming, ¢, where Cy is the constant
in Theorem 5.4. The desired estimate (5.10) follows from the above Harnack inequality
using the standard Moser’s oscillation lemma argument similar to Corollary 5.5.

Case 3: §;' B, N D®# . A similar argument as Case 2 considering 1 — ¢ instead of ¢

gives the desired Holder regularity (5.10), and the proof is completed. 0

6 Sobolev space via a sequence of discrete energies

We consider a sequence of finite graphs that can be regarded as approximations of a metric
space on a sequence of increasingly finer scales. The Sobolev space on a metric space is
then defined using this sequence of discrete energies.
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6.1 Approximating a metric space by a sequence of graphs

We introduce our assumptions on a sequence of graphs.

Definition 6.1. Let {G,, = (V,, E}) }nen be a sequence of finite, connected simple non-
directed graphs. We say that a family of surjective maps {m,,: V, = Vi | 1 < k <
n, (n, k) € N?} is projective if 7, is surjective for all k < n and

Tk O Mpy = Tk, forallk <l <mnwith k,l,n € N.

Given {G, }nen and a projective family of maps {m, : k¥ < n}, we say that a sequence
of probability measures {m,, € P(V,)}nen, where P(V},) denotes the set of probability
measure on V,,, is consistent if

(Tnk)emn = my,  for all k < n.

Given a sequence of finite connected graphs {G,, },en, a projective family of maps {m, x |
k < n}, and a consistent family of probability measures {m,, },cn, we say that a sequence
of functions {f,: V,, = R},en is conditional with respect to {m,, }nen if

fe(v) = ! Z fo(w)m,(w) for all k < n,v € V. (6.1)

mi (U)
wewgi({v})

In the above definition, the graphs G, can be regarded as approximating a metric
space (K,d) at a sequence of increasingly finer scales, while the measures m, can be
considered to approximate a measure m on K. A conditional sequence of functions can
be considered to approximate a function f on the metric space (K, d).

The sequence of measures {m, }en in the above definition is often assumed to satisfy
the condition given by the following definition.

Definition 6.2. Let {m,, € P(V},) }nen be a sequence of probability measures on a family
of finite sets V,,. We say that such a sequence {my, }nen is roughly uniform if there exists
Cy > 1 such that

Ou_lmn@) <

s < Cymy(v), forallneNoveV,. (6.2)

We introduce a geometric condition on the sequence of graphs which relates different
graphs in the sequence. Roughly speaking, the following condition states that diam(G,,)
grows like R? and 7T;_,’1_k7 »(w) are ‘roundish’ in an uniform fashion; that is m, |, . (w) behave
like balls in the graph G, for all w € V.

Definition 6.3. Let R, € (1,00), let {G,, = (V,,, E,,) }nen be a sequence of finite, con-
nected simple non-directed graphs, and let {m,x: V,, — Vi | 1 < k < n} be a family of
projective maps. We say that the sequence of graphs {G, },en equipped with the projec-
tive maps {m,x: Vi, = Vi | k < n} is R.-scaled if there exist Ay, Ay € (1,00) so that the
following holds: for any n,k € N, for all w € Vi, there exists ¢,(w) € V,,4x such that

By, (caw), AT'RY) C w4 (w) C Ba,., (ca(w), A RY) (6.3)
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and
dnyk(cn(w), cp(w')) < AgRY whenever w,w' € Vj, satisfy dy(w,w') =1, (6.4)
where d,, denotes the graph distance of G,,.

We next discuss discrete approximations of a metric space. Any compact metric space
can be approximated by a sequence of graphs on increasing finer scales. This idea is present
in various (closely related) notions such as hyperbolic filling [BBS22, BP03, BS18, BS,
Ele97], K-approximation [BK02], quasi-visual approximation [BM22], generalized dyadic
cubes [Chi90, Dav88, HK12, KRS12, Sas23], and partitions of a metric space indexed by
tree [Kig20]. The following definition describes yet another way in which a sequence of
graphs ‘approximate’ a compact metric space.

Definition 6.4 (compatibility). Consider a compact metric space (K,d) and let R, €
(1,00),0 € (0,1]. Let {G,, = (V,,, E,,) }nen be a sequence of finite, connected simple non-
directed graphs and let {m,x: V;, = Vi | 1 <k < n} be a family of projective maps. Let
dy: Vo x V, = Zsp,n € N denote the corresponding graph metrics. We say that {G,}
along with {m,; : V,, = Vi | 1 < k < n} is R.-compatible with (K, d) if there exists a
sequence of maps {p,: Vi, = K },en, a collection of Borel set {}?v |veV,,ne N} and
C € [1,00) such that the following hold:

(i) (comparison of metrics)

dy(,y)
Rn

*

0_1% < d(pa(7), pa(y)) < C

(6.5)

for all z,y € V,, and for all n € N.

(ii) (partition) For all n € N, the collection of sets {k”}y <y, form a partition of K7; that
is Upev,, K, =K and K, N K,, = 0 for all u,w € V,, with u # w.

(iii) (compatibility with projections) For all 1 < k < n and for all v € V}, we have

K,= |J K (6.6)

wem, . (v)
(iv) (roundness of partition) For all n € N,;v € V,,, we have
Ba(pa(v), C™'R;™) C K, C Ba(pa(v), CRI™). (6.7)
Note that (6.5) implies that the points {p,(v) | v € V,,} are C7' R "-separated and

that diam(V,,,d,) < RZ.
We introduce a uniform notion of AR(dy) for a sequence of graphs.
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Definition 6.5. We shall say that the sequence {G, },cn satisfies d¢-Ahlfors reqularity
condition uniformly, U-AR(dy) for short, if there exists Cag > 1 such that for all n € N,
x € Vy, R € [l,diam(G,) + 1),

Cip R™ < #By, (2, R) < Cag R™. (U-AR(dy))

The following elementary lemma explains the relationship between a metric space and
a sequence of graphs approximating it in the sense of Definition 6.4 and the notions in
Definitions 6.1 and 6.2.

Lemma 6.6. Let (K,d) be a compact metric space and let m be a de-Ahlfors reqular
probability measure on (K, d). Let {G, = (V,,, E,)}nen be a sequence of connected, finite
graphs and let {mnr : Vi, = Vi | 1 <k < n} be a projective family of maps. Suppose that
{G,.} along with {mn | 1 <k < n} is R.-compatible with (K,d). Let {I?v €B(K) |ve
Vi,n € N} be a collection of Borel sets as given in Definition 6.4. Let

my(v) = m(K,)
foralln € Nyv € V,. Then
(i) The sequence of graphs {G,} satisfies U-AR(dy).

(ii) The family of measures {m,} is roughly uniform, and is consistent with respect to
{mnr | 1 <k <n}.

(iii) For any f € LY(K,m), the family of functions M, f: V,, — R defined by

1
(M, f)(v) = S fdm, foralln € Nyv eV, (6.8)

is conditional with respect to {m,} and {m,; |1 <k < n}.

The operator M, converts a function on K to a function on V,,. We would sometimes
like to construct functions on K using functions on V,, by defining

Tnf() = flg (), forall f:V, >RneN. (6.9)

’UEVn

6.2 Hypotheses on a sequence of graphs

A sequence of graphs approximating a metric space often satisfies some analytic properties
in an uniform manner. To this end, we introduce uniform versions of analytic conditions

such as cap, <(), BCL,(¢), and PL,(5).

Definition 6.7. Let {G,, = (V,,, E,,) }nen be a sequence of graphs and let d,, be the graph
metric of G,,. Let p € (1,00), df >0, >0 and ¢ € R.
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(1) We shall say that the sequence {G,, }en satisfies p-capacity upper bound with order
B uniformly, U-cap, <(3) for short, if there exist Ceop > 0 and Ac,p > 1 such that
forany n € N,z € V,, and R € [1,diam(G,,)/A),

#Bdn ($, R) .

capf” (Bdn(x7 R)den(xv2R)C) < Ocap RP

(U-capy, < (5))

(2) We shall say that the sequence {G, },en satisfies ball combinatorial p-Loewner prop-
erty with order ¢ uniformly, U-BCL,(() for short, if there exists A > 1 such that
the following hold: for any x > 0 there exist cpcr(k) > 0, Lpcr(k) > 0 such that

Modf’”({& € PathGn (Bl, BQ) | dlam(e,dn) < LBCL(H)R}> > CBCL(KJ>RC
(U-BCL,(())
whenever n € N, R € [1,diam(G,)/A) and B; (i = 1,2) are balls in G,, with radii
R satisfying distg, (B, By) < kR. We also say that {G, }nen satisfies U-BCLY(()
if {G,, }nen satisfies U-BCL,(¢) with ¢ < 1.

(3) We shall say that the sequence of graphs {G,, },cn satisfies (p, p)-Poincaré inequality
with order 8 uniformly, U-PL,(3) for short, if there exist Cpr, Ap; > 1 such that for
anyn eNzxeV,, R>1and f:V, - R,

Y VW)~ foenl” < CoRE, (oanr) (). (U-PL(5))

yEBdn (!L‘,R)

Using the above definition, we can rephrase Theorem 4.2 for a sequence of graphs as
follows.

Proposition 6.8. Let {G,, = (V,,, E,) }nen be a sequence of finite connected graphs. Let
p € (1,00),de > 1 and > 0. Suppose that {Gy} satisfies U-AR(d¢) and U-BCL™ (ds—f3).
Then {Gy, }nen satisfies U-PL,(3) (the associated constants Cpy > 0 and Ap; > 1 depend
only on the constants involved in the assumptions).

The following definition gives a uniform notion of the metric doubling property for a
sequence of graphs.

Definition 6.9. Let {G,, = (V,, E,,) }nen be a sequence of graphs and let d,, be the graph
metric of G,,.

(1) Define L, = L.({G,,}nen) = sup,cy deg(G,,).

(2) We shall say that {G,, }nen is uniformly metric doubling, U-MD for short, if there
exists Np > 2 such that given n € N, x € V,,, R > 1 there exist yy,...,yn € Vj,
satisfying By, (x, R) C U5 Bu, (i, R/2).

Then the following property is an easy consequence of Remark 2.15.
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Lemma 6.10. Let {G,, },en be a sequence of graphs satisfying U-AR(dy) for some dg > 0.
Then L, < o0 and {Gy, }nen is U-MD. In addition, the doubling constant Ny can be chosen
so that Np depends only on CaR.

In order to state a version of Theorem 5.6 for a sequence of graphs, we introduce the
following definition.

Definition 6.11. Let {G,, = (V,,, E,,) }nen be a sequence of finite, connected graphs.
Let p € (1,00),8 > 0,9 € (0,1]. We say that the sequence of graphs {G,} satisfies
U-CF, (¢, B) if there exists C, € (0,00) so that the following holds: for all n € N,v €
Vo, R > 1 there exists ¢, g: Vi, — [0, 1], so that

¢U7R|Bdn(v,R) =1, supp[pwr| € Ba,(v,2R) (6.10)
#Ba, (v, R)
£ (pur) < CLI=2 2, (6.11)
dn(z,y)\"
kow,r(7) — wur(Y) < Cs (T’) for all x,y € V,,. (6.12)

The next result provides a family of Holder continuous cutoff functions whose energies
are controlled in a uniform manner. This is an immediate consequence of Theorem 5.6.

Proposition 6.12. Let {G,, = (V,,, E,,) }nen be a sequence of finite connected graphs. Let
p € (1,00),df > 1 and B > 0. Suppose that {G,} satisfies U-AR(ds), U-BCL"(dy — f3)
and U-cap, <(B). Then {G,} satisfies U-CF (¥, 3) (the associated constants Cy,v > 0
depend only on the constants involved in the assumptions).

We would like to define p-energy as limit of re-scaled discrete energies. The re-scaling
factor for discrete energies is suggested by the following weak monotonicity result for
scaled discrete energies.

Theorem 6.13. Let {G,, = (V,,, E,) }nen be a sequence of finite, connected simple non-
directed graphs equipped with the projective maps {m,x: Vo, — Visk < n} and let {m,, €
P(Vo)tnen be a consistent sequence of probability measures. Suppose that {G,} along
with {mn .k < n} is R.-scaled for some R, € (1,00) and the sequence {m,} is roughly
uniform. Let p € (1,00),ds > 1,8 > 0 and we further suppose that the sequence {Gy, }nen
satisfies U-AR(ds) and U-PL,(B). There exists Cwm € (1,00) depending only on the
constants associated to the assumptions such that for any conditional sequence of functions
{fn: Vi = R}yen with respect to {my} and {m,x}, we have

EFH(fr) < Cym R I0ET 1 (fi ) for all k,1 € N. (6.13)

Proof. Let f,:V, = R,n € N denote an arbitrary conditional sequence of functions as
above. Let Ay, Ay € (1,00) be the constants as given in Definition 6.3, C,, € (1, 00) be the
constant in Definition 6.2. Set A3 = 2A; + Ay. For any v, w € Vj, such that dy(v,w) =1,
we have

W,;ihk(v) U W;jhk(w) C Ba,,, (ci(v), AsRL)  (by (6.3) and (6.4)). (6.14)
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There is C; € [1,00) depending only on the constants involved in U-AR(d;), roughly
uniform, and R,-scaled properties such that

CIYR;™ < my,(v) < CLR;™ for all n € N,v € V. (6.15)

For any v, w € Vj such that di(v,w) = 1 and for all & € R, we have

fi(v) = fr(w)] < |fs(v) — of + |fi(w) — af

My (1) My (W)
< A eV el U Nt A
< El Jrra(vr) o ol + 21 frri(wy) s (10) a
VIET L (V) wiEm 4 g (W)

> m’CL(W)U%H(M)—oz\+ > M\fk+l(wl)_o‘|

my(v) my(w)

IN

vleﬂ,:il‘k(v) wleﬂ;ilyk(w)

(6.15)
< CIRZM | Y fen(w) —al+ Y fen(wr) —qf

vLEm 1 (0) wiETL(w)
(6.14)
< 207R;M > [fe(v1) — o
v1€Bq, , (c(v),AsRYL)
1
< > [foi(v1) — of, (6.16)

~ #Bdk+l (Cl(v>7 ASRi)

v1 EBdk+l (Cl (’U),Ag;Ri)

where in the last line, we used the U-AR(ds). Let us choose a = (fk—H)Bkorl (c1(v),AzRL) 110
(6.16) and use Poincaré inequality U-PL,(/3) to obtain

) P
() = fulw)l” S ) S ) = G, wwam
#Bdk+l(cl(v>’ A3 R) v1€Bq; , (c(v),AsRL) N
RP G
< " k4l -PI
~ #Bdk+l (CI(U>7 A3Ri> gpokorl (ci1(v),AprAsRL) (fk+l) (by v P(ﬁ))
< R o (fr+1) (6.17)

podk_H (c1(v) ,APIASRZ*)

for any v, w € Vj, such that di(v,w) = 1. Using Lemma 6.10, we obtain

6171 .
ka(fk): Z fr(v) = fr(w)” < Ri(ﬂ ) EPEZ;H(Cz(v)ﬁAPIABRi)(ka)' (6.18)

{v,w}€cEy vEV},

By (6.3), the points {c;(v) | v € V;.} are 247" R -separated for all &k, € N. Since {G,, }nen
are U-MD by Lemma 6.10, there exists Co > 1 (depending only on Apy, A1, A and the
constants involved in U-AR(dy)) such that

Z ]lek_,_l(Cl(U),APIABRi) < CQ, for all k,l e N. (619)

veV)
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The desired estimate (6.13) follows immediately from (6.18) and (6.19). O]

Remark 6.14. In the work [Kig23], the notion of conductive homogeneity plays an impor-
tant role to develop the theory of (1,p)-Sobolev spaces via discretizations. The estimate
(6.17) can be regarded as a variant of this condition.

6.3 Sobolev space and cutoff functions

We now explain our strategy to construct p-energy as a scaling limit of discrete p-energies
in a general setting. The following assumption guarantees that our Sobolev space satisfies
good properties.

Assumption 6.15. Let p € (1,00), df € [1,00), f§ > 0 and ¥ € (0,1]. Let (K,d)
be a connected compact metric space with #K > 2 and let m be a dg-Ahlfors regular
probability measure on (K, d). Let {G,, = (V,,, E,,) }nen be a sequence of finite, connected
simple non-directed graphs and let {7, | 1 <k < n} denote a projective family of maps.
There exists R, € (1,00) such that {G,, } along with {7, x } is R.-scaled and R.-compatible
with (K, d). Furthermore, {G,} satisfies U-PL,(f) and U-CF, (¥, §).

The weak monotonicity of discrete energies (Theorem 6.13) suggests the following
definition of Sobolev space.
Definition 6.16. Under the setting of Assumption 6.15, we define the normalized energy
of f € LP(K,m) forany n € Nand A CV,, as

EMNS) = RIS (M, f), (6.20)

D,

where M, f is as given in (6.8). For ease of notation, we set (SN;S”)(f) = gzg@n(f) Define
our (1,p)-Sobolev space F,(K,d, m) by

Fo(K,d,m) = {f € LP(K,m) supgzgn)(f) < oo}. (6.21)
neN
st )P
We also set |f’.7—'p(K,d,m) = (SUPneN Ep (f)) and ||f||fp(K,d,m) = HfHLP(m) + |f|]—'p(K,d,m)'

We use F, instead of F,(K, d,m) when no confusion can occur.

Hereafter in this section, we always assume that Assumption 6.15 holds. Thanks to
Theorem 6.13 and Lemma 6.6, we have

liminf £ (f) = limsup EM (f) < sup £ (f), for all f € LP(K,m). (6.22)

n—00 neN

In particular,

F, = {f € LP(K,m)

liminfé;”)(f) < oo} = {f € LP(K,m)

n—oo

limsupg}g")(f) < oo}.
n—oo

Some properties of F, are already mentioned in [Kig23, Section 3.2] in the framework
of weighted partition theory developed in [Kig20]. We summarize the basic properties of
the Sobolev space (Fy, || - || ,) in the following theorem.
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Theorem 6.17. Let (K,d) be a connected compact metric space with a d¢-Ahlfors reqular
probability measure m and let {G,, = (V,,, Ey) }nen be a sequence of finite connected graphs
satisfying Assumption 6.15. Let (Fp, || - pr) denote the normed linear space in Definition
0.16. Then (Fp, |- [|£,) satisfies the following properties.

(1) (Fp: I+ ll%,) s a Banach space.

(il) (Fp, I+ ll%,) admits an equivalent uniformly convex norm. In particular, (Fp, |- || £)
1s a reflexive Banach space.

(iii) The Banach space (Fp, |- || £,) is separable.
(iv) F, NC(K) is dense in C(K) with respect to the uniform norm.

(v) FpNC(K) is dense in the Banach space (Fy, ||| £,)-

The combination of properties (iv) and (v) is referred to as regularity in the theory
of Dirichlet forms [FOT, p. 6]. The proof of Theorem 6.17 will be completed over this
section and the next. It is easy to show the completeness of F,,.

Proof of Theorem 6.17(1). Let {fa}n>1 be a Cauchy sequence in (Fp, || -|[£). Since the
convergence in F, implies the convergence in L?, the sequence { f,, },>1 converges in L to
some f € LP(K, m). By the dominated convergence theorem, for any k£ € N and w € V,
we have My, f,(w) — M f(w) as n — oo. Also, since { f,, }n>1 is a Cauchy sequence in F,
for any € > 0 there exists N(g) € N such that

sup supEW(f, — ) <.
nAl>N(e) keN

Letting [ — oo in the estimate éﬁ’“)(fn — fi) < ¢ and taking the supremum over k € N
and n > N(g), we obtain

sup supc‘;gk)(fn —f) <e (6.23)
n>N(e) keN

Therefore, for any k € N,

EW (NP < EP (fve = N7+ EP (fn)' ' < e/ +sup |fil s,

n>1

This implies |f] F, S SUD> |fnl £, < o0 and thus f € F,. The required convergence f,, — f
in F, is also deduced from the LP-convergence of f,, and (6.23). O

Next, we will prove reflexivity and separability of the Banach space F,. The reflexivity
of such a function space is proved by the second-named author in [Shi24] by showing the
existence a comparable uniformly convexr norm. To construct a uniformly convex norm
on J, which is equivalent to [|- ||z, we need the notion of I'-convergence; see [Dal] for
details. We first recall the definition.
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Definition 6.18 ([Dal, Definition 4.1 and Proposition 8.1]). Let X be a first-countable
topological space and let F': X — R U {£oo}. A sequence of functionals {F,,: X —
R U {£00} }nen I'-converges to F' if the following conditions hold for any z € X:

(i) (liminf inequality) If z,, — « in X, then F(x) < liminf, o F,(x,).
(ii) (limsup inequality) There exists a sequence {x, },en in X such that

r, —»xin X and limsup F,(z,) < F(x). (6.24)

n—oo
A sequence {z, }nen satisfying (6.24) is called a recovery sequence of {Fy,}nen at .

The following compactness result is useful to construct I'-limits.

Proposition 6.19 ([Dal, Theorem 8.5]). Suppose that X is a topological space with a
countable base. Then any sequence of functionals {F,: X — R U {£o0}},en has a I'-
convergent subsequence.

Now we can establish the reflexivity of F,.

Proof of Theorem 6.17(ii). This is essentially the same as in [Shi24, Theorem 5.9], so we
briefly outline the proof. By Proposition 6.19, we have a I'-cluster point E, of the sequence

of functionals {%")}%N on LP(K,m). It is easy to show that E,(-)'/? is a semi-norm on
F,. The liminf inequality implies E, ()7 < || 7 A combination of limsup inequality
and weak monotonicity (Theorem 6.13) implies the converse estimate E,(-)Y? > |-| 7,

Hence || f]| = (|| fI7, + Ep(f))l/p is a norm on F,, which is equivalent to |- [/ . Noting

~ 1/p
that ||| - ||| is a [-cluster point of |||, = <H AP, + EM(- )) , which can be regarded

as the LP-norm on K U E,,, we easily obtain p-Clarkson’s inequality of ||| - |||:

- _ 1/(p—1) :
{Mf+mwm’”+Mf—mwm“”s2WﬂW+WMWD B (D

—1 —1 —1 .
ILf+ gll” -+ 11F = all” < 20N AP + [lgll” )" ifp>2.

Then (F,, ||| - |l) is a uniform convex Banach space [Cla36, p. 403], so the Milman-Pettis
theorem implies the reflexivity of F,,. OJ

In [Shi24, Theorem 5.10], the separability of F, has shown by using its reflexivity in
the situation that F, is continuously embedded into C(K) (cf. [Kig23, Theorem 3.22] or
[Shi24, Theorem 5.1]). The proof of [Shi24, Theorem 5.10] essentially relies on such an
embedding. Here, we will adopt another simple way to show the separability by using an
idea in [ATIM23].

Proof of Theorem 6.17(iii). The Banach space F, is reflexive by Theorem 6.17(ii), and
LP(K,m) is separable since K is separable. Clearly, the identity map i: F, — LP(K,m)
is a bounded linear injective map, so F,, is separable by [AHM23, Proposition 4.1]. O
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We will next show the density of F, N C(K) in C(K) with respect to the uniform
norm. To show such the density, a standard idea is to use Stone—Weierstrass theorem by
showing that F, NC(K) is an algebra that separates points of K. We recall Arzela—Ascoli
type theorem for (possibly) discontinuous functions in order to construct a function in
F,NC(K) that separates two distinct points (a cutoff function). The proof that F,NC(K)
is an algebra will be done in the next subsection.

Lemma 6.20. Let (X,d) be a totally bounded metric space. Let u,: X — R,n € N be a
sequence of functions. Assume that there exist a non-decreasing function n: [0, )
[0,00) and a sequence {d,}nen of non-negative numbers such that limgon(t) =
limy, o0 0 = 0, SUP,e pex [tn(2)|] < 00 and

lun (z) — un(y)l < n(d(z,y)) + 6, forallz,y € X andn € N. (6.26)
Then there ezist a subsequence {un, }ren and u € C(X) with

u(z) — u(y)l < nld(z,y)) forallz,y € X,
such that sup ¢ x [un, () — u(z)] = 0 as k — oo.

Proof. This is a simplified version of [Kig23, Lemma D.1]. Indeed, the case (Y,dy) =
(R, |-|) in [Kig23, Lemma D.1] is enough to obtain the required statement. O]

The next proposition constructs cutoff functions with controlled energy in F, NC(K).
We use the following useful notation. For A C K, we define

Va(A) = {w €V | lN(w NA# @} (6.27)

Proposition 6.21. There exists C € (1,00) depending only on the constants associated
with Assumption 0.15 such that for any r > 0,x € K such that By(x,2r) # K, we have
a function ¢, , € F, NC(K) such that ¢I7T‘Bd(x "= 1, supp[¢sr] € By(x,2r) and

supE (¢x,r) < Crdf_’g
neN

Proof. Let {K, | v € V,,n e N},C € (1,00) be as given in Definition 6.4. By (6.5) and
(6.7), we have

K, C By(x,r +2CR." + CRR.") for any w € Usev, By Ban (v, R). (6.28)

We choose R,, > 0 so that CR,R;™ = r/2 and a maximal R, /2-separated subset N of
Vi(Bg(x,r)) with respect to the metric d,,, so that |J, .y Ba, (w0, Rn/2) D V,(Ba(x,r)).
Since {p,(w) | w € N} is C7Y(R, /2) R "-separated and satisfies {p,(w)}wen C Ba(z,r +
CR.™). Therefore by the dg-Ahlfors regularity of m, we obtain

—n\ 9 —n —n\ df
v s (t) g (IR (6.29)
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for all n large enough so that R, > 1.

For n large enough so that 2CR;™ < r/2, we have R, > 2 and K, C By(z,2r)
for any w € U,ev, (py(ar)) Baa (v, Bn) (by (6.28)). Therefore by applying U-CF, (7, ),
1

Y

for each w € N, there exists @y gr,/2: Vo — [0,1] such that ¢, g, /2
Supp(pu,r, /2] € Ba, (w, Ry),

|Bdn (w,Rn/2)

gfn<90w,Rn/2) S Riﬁﬁa

and @y g, /2 satisfies the Holder regularity condition (6.12). Hence by (6.28) and (6.29),
the function ¢, : V,, — R defined by

Pn = Ilgleajsf Pw,Rn, /2

satisfies Jngpn‘Bd(x n=1 supp,,[Jnpn] € Ba(zx,2r),

¢n =1 on Vy(By(z,1)), EF(pn) S RUTP < pt PRI, (6.30)

and

J 9
%) . for all vy, ve €V, (6.31)

onton) = a2 5
for all n € N so that 2CR, ™ < r/2. To estimate the energy, we used the elementary
inequality £ (maxXpen Pu,k,2) < Dowen € (Puw,ray2) (see Lemma 2.6(a)). By Lemma
6.20, (6.31), (6.5), and (6.7), there exists a subsequence {.J,, ¢n, }x of {Jnpn}tn which
converges uniformly to a function ¢,, € C(K). Then it is clear that wm| Byar) = 1

and supp[v,,] € Bg(x,2r). Using weak monotonicity (Theorem 6.13) and dominated
convergence theorem, we obtain

E () = RECDEE (Myipy,) = lim RIP=DES (M, T, 0n,)

N —>00
(6.13) (6.30)
< liminf Rfk(ﬁ_df)gf”k (on,) S 14 b

N —>00

Therefore v, , € F, NC(K) and it satisfies the desired bound on energy. O

6.4 Scaling limit of discrete energies and regularity

In the rest of this section, we suppose that Assumption 6.15 holds as in the previous
subsection. In this setting, we will construct an ‘improved’ p-energy type functionals on
(K,d,m), which verifies that F, NC(K) is an algebra.

Theorem 6.22. There exist a constant C > 1 (depending only on the constants associated
with Assumption 6.15) and E) : F, — [0,00) such that the following hold:
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(i) & (- )P is a semi-norm on F, satisfying C’*l|f|fp < Spr(f)l/p < |flg, fordll f € F,.
Moreover, it satisfies p-Clarkson’s inequality: for any f,g € F,,

EV(f + g)V/ V) 4 EV(f — )/ ) <2(EN(f) + EN @)Y ifp <,
EV(f+9) +E(f —g) <2(EN(HYPD 4 EN(g)/ D) ifp>2,

In particular, 85 ()MP is uniformly convex.

(ii) For any f € F, and 1-Lipschitz function ¢ € C(R), we have ¢ o f € F, and
& (pof) <& ()

(iii) If f,g € F, N L>®(K,m), then f-g € F, and

& 9) < ellf1 v lgle) (E5 ) + E5(9)). (6.32)
where ¢, € (0,00) is a constant determined solely by p.

(iv) &, is lower semi-continuous on LP(K,m). (Here we regard £ as a [0, oc]-valued
functional by defining £} (f) == oo for f € LP(K,m)\ F,.)

(v) Let T: (K,B(K),m) — (K,B(K),m) be a measurable map satisfying 5,5"’(f oT) =
515")(f) for anyn € N and f € LP(K,m). Then foT € F, for any f € F, and
& (foT)=&(f)

Remark. After submitting this work to the journal, the notion of the generalized p-
contraction property was introduced in [KS24+-b], which is a generalization of the prop-
erties (i)-(iii) above. One can show that (£}, F,) satisfies the generalized p-contraction
property ([[KS24-+b, Theorem 8.19 and Remark 8.20]). In particular, (6.32) can be up-
dated as follows:

E (f - )? < Ngllpe & (Y7 + 1 fll e 5 (9017

see [KS24+b, Proposition 2.3(d)].

Proof. Let £ = E, be a I'-cluster point of {EN';(,”)}“GN as the proof of Theorem 6.17(ii).
Then the properties in (i) except for p-Clarkson’s inequality are already shown, and p-
Clarkson’s inequality of &) follows from a similar argument as in Theorem 6.17(ii).

(ii) Once we know ||f — f,|;» = 0 as n — oo for any f € LP(K,m) and f, = Jn(]\/[nf),
where J,: R — L°(K, m) be the operator defined in (6.9), a straightforward modifica-
tion of [Kig23, Theorem 3.21(b)] proves the assertion. So we will prove ||f — f,|l;, — 0
as n — 00. Note that [M,f(2)]” < fz |f|” dm for all z € V, by Jensen’s inequality, and

hence || full;p < |Ifll;»- For x € K, let z € V,, be the unique element such that = € K..
Then, by (6.7),
m(Ba(z,2CR;™))

()] = M, f(z)] <
fol(@) = [My f(2)) (i)

A|f(z),



Sobolev spaces on the Sierpinski carpet 41

where C' > 1 is the constant in (6.7) and .#: LP(K,m) — LP(K,m) is the Hardy-
Littlewood mazimal operator: A f(x) = sup,-, de(w,r) If (y)|m(dy) for f € LP(K,m).
Since m is Ahlfors regular, we have ||.Z f||,, < || f|,» for any f € LP(K,m) (see [HKST,
Theorem 3.5.6] for example) and, by (6.7),

wp | MUBalr20R7)

neN,zeV, ,xeK, m(KZ)

< 0. (6.33)

Thus each f,, is dominated by C'.Z|f| € LP(K,m) for some constant C’' > 0.

We next show m-a.e. convergence of { f,, }hen. Since m is Ahlfors regular, the Lebesgue
differentiation theorem on (K, d, m) holds (see [HKST, Section 3.4] for example), i.e., the
set L (Lebesgue points of f) defined by

rl0

gfiz{ZEEK

lim f @)~ F@midy) = o}

is a Borel set and m(K \ Zf) = 0. Let x € Zf and let z € V], be the unique element such
that x € K,. Then we see that

(@) — ful@) < ]i £ () — () m(dy)

_ (B, 208)
m(K.)

F o @)~ s mlds)
By(z,2CR.™)

By (6.33), we have lim,_, |f(z) — f,(z)| = 0 for all z € .Z}. The dominated convergence
theorem implies ||f — ful/;» — 0.

(iii) The case f = g easily follows from (ii) by considering a 1-Lipschitz function ¢ € C(R)
satisfying o(t) = (2| f|| ;) "¢? for any ¢ € [—||f|| o, ||| ] Then the case f # g can
be proved by noting that f-¢g = i[(f +9)—(f— g)ﬂ and using p-Clarkson’s inequality
for cSA'p in (i).

(iv) This follows from an elementary fact on the I'-convergence [Dal, Proposition 6.8].

(v) Let f € F, and let {fi}r be a recovery sequence at f. It is clear that foT € F,.
Note that |[foT — froT|;, = ||f — fxll;» = 0. Then

&, (f o T) < liminf ™) (fi o T) = liminf 7 (fi) < & (/).

The converse Sg (f) < 5}1; (foT) can be shown by considering a recovery sequence at foT.
We complete the proof. O

Combining Proposition 6.21 and Theorem 6.22(iii), we can show the density of F, N
C(K) in C(K). The density of F, N C(K) in F, requires a long preparation and will be
shown in Section 7.
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Proof of Theorem 6.17(iv). By Proposition 6.21, F, N C(K) separates points of K. We
note that, by Theorem 6.22(iii), F, N C(K) is a sub-algebra of C(K). So by the Stone-
Weierstrass theorem, F, N C(K) is dense in C(K) with respect to the uniform norm. [

6.5 Poincaré type inequalities and partition of unity

In this subsection, we prove a Poincaré type inequality and provide a partition of unity
with low energies.

Since we are yet to construct measures that play the role of “|V f|”’ dm”, we express
Poincaré inequality using re-scaled discrete p-energies. The following lemma allows us to
obtain a version of Poincaré inequality from U-PL,(f3).

Lemma 6.23. There exists C' > 0 (depending only on p and the doubling constant of m)
such that the following holds: for any x € K, r >0 and f € LP(K,m),

p

m(K,).

> ‘Mnf<w) — fre

weVp(Bg(z,r))

1
][ ‘f(x) - de(m,T)|p m(dz) < C'liminf —n)
By(z,r)

where we set KW = Uwevi (Ba(er) K., (n €N) for ease of notation.

Proof. Let x € K, r > 0 and f € LP(K,m). For each n € N, define f, = J,(M,f),
where J,: R — LY(K,m) is as given by (6.9). For all n € N large enough so that
KM ¢ By(z,2r), we have

1 ‘ P~
T Mnf(w) - f~(n) m(Kw)
m(Kévr")) wEVn% (z,r) e

: S b
= — = 2 wey| dm
m(Kir) wEVn (Bg(z,r)

2]
Bg(z,r)

where we used the volume doubling property of m and [BB, Lemma 4.17] in the last
line. Since ||f — full;» — 0 by the same argument as in Theorem 6.22, the dominated
convergence theorem yields

Jn = T

dm 2 ][ |fn - (fn)Bd(:r:,r)‘p dma
By(z,r)

lim }fn - (fn)Bd(x,r)’p dm = ][ ‘f - de(z,r)‘p dma
By(z,r)

nroo By (x,r)

which proves our assertion. O

Now we prove a (p, p)-Poincaré-like inequality.
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Lemma 6.24. There exist C' >0 and A > 1 (depending only on the constants associated
with Assumption 6.15) such that for allx € K, r > 0 and f € LP(K,m),

/B - If = FBaen| dm < CrPliminf £ 5 (). (6.34)
a(z,r

n—oo

Proof. Let x € K, r > 0 and f € F,. Let [?ﬁ«) be the same as in the previous lemma
for each n € N. Let C' > 1 be the constant in Definition 6.4 and choose R, > 0 so that
R,R;" = 2Cr. Note that R, 1 400 as n — oo. Since {Kw}wGV is a partition of K,

there exists a unique ¢, € V,,(By(z, 7)) such that = € [?cn. For all w € V,(By(x,7)), by
(6.5), (6.7), and picking a point y € By(z,r) N K,

dp(cn, w) < CRLA(Pa(cn), pu(w)) < CRE(d(2,pa(cn)) + d(z,y) +d(y, pa(v)))

< CRI(CR."+7r+CR.™) =2C° + %.

Hence we have V,,(By(z,7)) C By, (cn, Ry) for all large enough n € N. By U-PL,(f), for
all large n € N,

—1 ~
(n Mnf(w> - (Mnf) dn (Wn,Rn pm Kw
m(K5E77)) wEVn%(m,r)) ’ B st )} ( )

1 o
S BT M) = ) (R

v€By,, (¢n,Rn)
SR Z |Mnf(w> - (Mnf)Bdn(wn,Rn)‘p
’UEBdn (Cn,Rn)

—df P—nd Gn —d n(B—d Gn
<R nggp,Bdn(cn,Alen)(Mnf) < pditB g8 f)gp,Bdn(cn,Alen)(Mnﬁ'

For any v € By, (¢n, Ap1R,), by (6.5) and (6.7),
K, C By(r,2CR™ + CApiR,R;™) C By, (2C%Apr + 1)r),

for all large n € N so that 2CR;™ < r. Let Ap; == 20?Ap; + 1. Combining with [BB,
Lemma 4.17], we obtain

L —di+B g(n)
m(Kw) ’S r f+,88pyvn(Bd($1Alp1"’))<f)'

L > ‘Mnf(w> — frew

m (K:S:T;“)) wWEVin(Ba(z,r))

Letting n — oo and using Lemma 6.23 completes the proof. 0

We next provide a partition of unity with low energies without proofs. The following
proposition is an immediate consequence of Theorem 6.22(i)-(iii). (See [MR, I-Exercise
4.16] in the case p = 2.)
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Lemma 6.25. (i) For any f € F, and h € {|f|, f*,f"}, we have &) (h) < & (f).
Furthermore, there exists C, > 1 depending only on p such that

E (NG +E (V) <Co(E(f)+E5(9) forall fg € F, (6.35)

(ii) Let ¢, M > 0 and let f,g € F, be non-negative functions such that (f + g)|sz0 > ¢
and f < M. Then there exists Dy depending only on p,c, M such that

r L r r
& (f +g) < Do (& (f)+E,(9)). (6.36)

Using Proposition 6.21, Lemma 6.25 and following a standard argument (see for in-
stance, [Mur20, Lemma 2.5] in the case p = 2), we obtain a partition of unity with
controlled energy.

Lemma 6.26. Let € € (0,1) and let V' be a mazimal e-net of (K,d). Then there ezists a
family of functions {1, },cv that satisfies the following properties:

(1) ZzGV ¢z = 17'

(ii) For any z € V, we have ¢, € F, N C(K) with 0 < ¢, < 1, 1,
supp[t.] C Ba(z, 5¢/4);

(iii) If z € V and 2/ € V' \ {z}, then ¢,

‘Bd(z,s/4) =1 and

’|Bd(z,a/4) =0.
(iv) There exists C' > 1 (depending only on the constants associated with Assumption
6.15) such that .|% < Ce¥=P forall z € V.

7 Comparison with Korevaar—Schoen energies

In this section, we describe the Sobolev space F, in terms of fractional Korevaar-Schoen
energies. The associated function spaces are also called Lipschitz—Besov spaces. For
Dirichlet forms on fractals endowed with nice heat kernel estimates, such characterizations
are well-known; see, e.g., [GHL03, Jon96, Kum00, PP99].

In this section, we will always assume that the metric measure space (K, d, m) satisfies
Assumption 6.15. For r > 0 and A € B(K), define J,,.(-;A): LP(K,m) — [0,00) by

Joo(f3 A) = / ]fg )= S midym(d) - or cach € L(K.m).

We write J,,.(f) for J,,.(f; K) for ease of notation. The following main result in this sec-

tion claims that our (1, p)-Sobolev space F,, coincides with the critical fractional Korevaar—

Schoen space B,%g in this setting (recall Definition 1.3), where § > 0 is the exponent in

Assumption 6.15.
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Theorem 7.1. Let (K, d,m) be a metric measure space satisfying Assumption 6.15. Then
there exists C' > 1 (depending only on the constants associated with Assumption 6.15) such
that

C’_1|f|1}p < lirgiﬂnfr_ﬁJp,r(f) <supr P, (f) < C’]f\i}p for any f € LP(K,m). (7.1)

r>0

In particular, F, = Bﬁ{fi and sup,-qr " J,,(f) < CZIi_mrwr BIor(f) for any f €

LP(K,m). Moreover, B/p = s,, where s, is the critical exponent defined in (1.3).

The proof of Theorem 7.1 will be divided into two parts. We start by showing
sup,~o 7 P (f) S |/, using the Poincaré inequality in Lemma 6.24.

Lemma 7.2. There exists C > 0 (depending only on the constants associated with As-
sumption 6.15) such that for all Borel set U of K and f € LP(K,m),

limsupr~.J,,(f;U) < Climsup lim inf 5;& wn () (7.2)

10 rl0 n—00

where U, denotes the r-neighborhood of U, i.e., U, = U,y Baly,r) for each r > 0.
Moreover, it holds that sup,-q7?J,,(f) < C]f\’}p

Proof. Let r > 0 and let N, C U be a maximal r-net of U with respect to the metric d.
Note that By(z,r) C By(y,2r) for y € N, and x € By(y,r). We see that

pr f U Zriﬁjpr f Bd<y7 ))

yEN,

/B 2)]€3 (y,2r) rf ek m(dy)m(dz) (by VD)

yEN
p
/ ][ |f .];Bd y,2r | + ‘f(y> .];Bd(y,Qr)‘ m(dy)m(dx)
yGN By(y,2r) J Bg(y,2r) r r
< Z hgr_l)irolf Sp,nVn(Bd(y,QAr))<f)' (by Lemma 6.24) (7.3)
yGNr

For any y € N, and w € V,(Bqy(y, 2Ar)), it is immediate that w € V,,(Uaa,). The overlap
of {V,,(Bal(y, 2Ar))}y€N can be controlled in the following manner. Let y € N, and let

n € N be large enough so that CR;™ < r, where C' > 1 is the constant in Definition 6.4.
Then we easily see that {p,(w)}wev, (B,,24r) € Ba(y, (2A 4+ 1)r). In particular, we have

mg/x#{yGN |w€V(Bd(y,2Ar }<sup#{y€N ‘xEBd(y,(2A+1 }<1
(7.4)

where we used the metric doubling property in the last inequality.
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Let us go back to the estimate on 3 _y lim, , SIE"&”(Bd y2AT))(f). By (7.4),
> lim &Y 5 0a () < lim Y7 “%gnvn (Batw2ary(f) S I Evtnay () (1)
yeN, n—00 n—00 yeN,

Combining with (7.3) and taking the limsup as r | 0 proves (7.2).
In the case U = K, by considering |f|p instead of lim,, , 515?/ (U )(f) in (7.5), we

immediately get r=?.J,,.(f) < | f|§p, which completes the proof. O

Next we move to the converse bound: liminf,or="J,,.(f) 2 | %, Our approach is
similar to [Bau24, Theorem 5.2] but we give a local version as well.

Lemma 7.3. There exists C' > 0 (depending only on the constants associated with As-
sumption 6.15) such that the following hold. For allU C K and f € F,,

S(n) T ST
lim supS Voo () < Clcli?ol hr?i%)nfr Jpr(f3Us), (7.6)

n—oo

where Us denotes the d-neighborhood of U. Furthermore, for any f € LP(K,m),
75 < (Jlimi %nfr_ﬁ(]w( f). (7.7)
Proof. Let r € (0,1) and fix a maximal r-net N,(U) C U of U. Let N, be a maximal

r-net of (K, d) such that N,.(U) C N,. We first observe that, by (6.5) and (6.7), there
exists € > 0 such that for all n € N satisfying R_" < er, we have

K, UK, C By(z,5r/4) whenever z € K, {v,w} € E, and v € V,(Ba(z,7)) .
Therefore, for all large n € N and f € LP(K, m),

< D EN saesrn ().

ZGN’I‘(U)

Let {9, }.en, satisfy the conditions (i)-(iv) in Lemma 6.26. To estimate 5 (Bd(z 574 (),
we introduce a linear operator A,: LP(K,m) — LP(K,m) as

Arf = Z de(z,T/4)wz,7‘7 f € LP(K7 m)

ZGN’F

Let us observe a few properties of A,. Note that A, f € F,NC(K). By Holder’s inequality,
> .en, Yo < 1 and the doubling property, for any f € LP(K,m),

”ATfHI[)/P < / <Z |de z'r/4| wzr > (Z wz,r<x>> m(d&?)

1 p
= /K <€ZN m(Ba(z,7/4)) /Bd (2,7/4) 4 dm) La,ein (2) m{dz)
Bd (z,7 )

= P dm S\,
-y Bdw/@) /B o T

zZEN,
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whence it follows that || A, f||;,_;» < Co for some constant Cy > 0 that is independent
of r. For g € C(K), we easily show that A,.¢g — ¢ in the uniform norm as r | 0 by virtue
of the uniform continuity of ¢ and the properties of {1, ,}.cn,. Now we can show that
If— A fll;» = 0asr ] 0forany f € LP(K,m). Let ¢ > 0 and choose g. € C(K) so that
| f — gell;» < e. Then we have

||f - AerLp < “f - gaHLP + ||g€ - Arga||Lp + HA?"gE - ATfHLP
S €+ Hgs - ArgsHLp + 0057

and hence limsup, o ||/ — A, f[|;, < (1+ Co)e, proving || f — A, f[|;, — 0.
For z € N, and = € By(z,3r/2), we observe

A f(x) = fBy(er/a) + Z (fBatwa/t) = [Bazr/2)) Yua (2)-

WEN,NBy(z,11r/4)

Since N, is a r-net, there exists M € N depending only on the doubling constant such that
#(N,NBy(w,11r/4)) < M for any w € N,. Also, since Uwevi, (B, (2.5r/ay) Kw € Balz,3r/2)
for all large n € N, we see that

Mn(ATf) = de(z,r/4) + Z (de(UJ,T/4) - de(Zvr/4))M”¢va on Vn (Bd<z7 57"/4))

weN,NBy(z,11r/4)

Hence we have

=)
EoviBatesnyay (Arf)

n(B—d Gn
= R (A= f)(c:p Vi (Ba(z,5r/4)) Z (de(w,r/4) - de(z,r/4))anw,r
wEN,NBy(z,11r/4)
—1
< MP Z ‘de(w,r/4) de zr/4)‘ an Bg(z,5r/4)) (ww 7’>
wEN,NBy(z,11r/4)
< pi=h Z [ Batwast) = [Butz/n)|- (7.8)

weN,NBy(z,11r/4)

For z,w € N, with w € By(z,11r/4), by Hélder’s inequality and the Ahlfors regularity of
m, we easily obtain

Hfnsurrn ~ Smon’ S [ f L)~ S mldym(de),
Bg(w,3r) J Bg(x,97)
which together with (7.8) yields

o(n)

gp,Vn(Bd(z,E)r/zl <A f)

< / ][ @ mdyym(de).  (79)
Bg(w,3r) J By(x,97)

wENrﬂBd(z 11r/4)
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Let us fix 6 > 0. Then, for all small enough » > 0 and z € N,(U), we have
Uwen,nByz11r/a) Ba(w, 3r) € Us. Summing (7.9) over z € N,(U), we obtain

o(n) on
ENan(Af) < D E. ey (Ar])

z€N,(U)

Sr? ][ f (@) = F)l" m(dy)ym(dx) < (9r) T (f: Us), (7.10)
Us J Bg(x,97)

where we used the metric doubling property in order to control the overlap of { By(w, 3r) |
w € N, N By(z,117r/4)} in the second inequality. Note that (7.10) holds for large enough
n € N so that R,"™ < er, where ¢ > 0 is as given in the beginning of the proof.

To show (7.6), we may and shall assume that liminf, o7~ J,,.(f; Us) < oo. Pick a se-
quence {ry }ren such that ry, | 0 as k — oo and limy_, r,;BJp,Tk (f;Us) = lim, =PI (f; Us).
If f € F,, then (7.10) with U = K and Lemma 7.2 tell us that ’Ark/gf‘p Sr P (f) <

|f|1}p < 00. In particular, {A,, /o f }ren is bounded in F,. Hence, by taking a subsequence,
we can assume that f, == A, o f converges weakly in F, to some function f,, € F,. Since
F, is continuously embedded in LP(K,m), we have fo, = f. By Mazur’s lemma (Lemma
A.1) and (7.10), we obtain (7.6).

By setting U = K in (7.6) and using (6.22), we obtain (7.7). O

We now prove the main result (Theorem 7.1) of this section.

Proof of Theorem 7.1. The desired comparability follows from Lemmas 7.2 and 7.3, so
we show 3/p = s,. Since F, = B}i{f;, the bound §/p < s, is immediate from Theorem
6.17(iv). To prove the converse, let s > /p and let f € F, 2 B, _ such that ]f\fp >0, i.e.
feF,\Rlg. Let A, = Ap-n g, where A, (r > 0) is the same operator as in the proof
of Lemma 7.3. Then, by (7.10) with » = R, ™/9 for large enough n € N and Theorem
6.22, we have R;n(ﬁ_smc‘fpr(/lnf) S REPJ, pn(f). Since lim,, , & (Aaf) 2 If% > 0,

n—oo “p
by combining with —(8 — sp) > 0, we conclude that lim, ,r~*"J,,.(f) = oo for any
f € F, \ Rlg, which proves B; = Rl . This completes the proof. O

Finally, we can prove the density of F, NC(K) in F,.

Proof of Theorem 6.17(v). Set ]-A"p =F,N C(K)H 1% The inclusion ]-A"p C F, is obvious.
So, it suffices to prove F, C .7?p.

By Theorem 7.1, we know that F, = BY®. Let f € F, and let A, (r > 0) be
the operators defined in the proof of Lemma 7.3. Then A,f € F, NC(K) C ]?p. By
(7.10) with U = K, we have |4, f[%- < sup,-q r P 1. (f) < |fl%, < oo. Combining with
VA fllze S IIfNlzs, we conclude that {A,f},~o is bounded in F,. Let {A,, f}ren be a

~Y
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convergent subsequence of {A, f},~0 with respect to the weak topology of F,. Applying
Mazur’s lemma (Lemma A.1), we obtain

f € {convex combinations of {A,,kf}keN}|| B CFnN C(K)” ey _ ]—A_p,

which completes the proof of Theorem 6.17. |

8 Sobolev spaces on the Sierpinski carpet

The aim of this section is to prove the first four main results in the introduction: Theorems
1.1, 1.4 1.2 and 1.5. Some results (e.g. constructions of self-similar energies and energy
measures under suitable hypotheses) can be extended to a general setting, but we focus
on the case of the planar standard Sierpiniski carpet for the sake of simplicity and refer to
[M5] for such generalizations.

First, recall the definition of the Sierpinski carpet and basic notions on self-similar
sets (see [KigO1, Chapter 1] for further background).

Definition 8.1 (Planar Sierpinski carpet). (1) Let a, = 3,N, = 8,5 = {1,...,N,}
and define ¢; € R?,i € S as

q1 = (_1a _1) = —(Q5, (2= (07 _]-) = —(s,
g3 =(1,-1) = —q7, qa=(1,0) = —gs.

Let f;: R? — R?4 € S denote the similitude f;(z) = a;'(z — ¢;) + ¢;. Let K be
the unique non-empty compact subset such that K = J, ¢ fi(K) and set F; = fi’ K
Let d denote the normalized Euclidean metric on K so that diam(K,d) = 1. The
tuple (K, S, {F;}ics) is called the planar standard Sierpiriski carpet (PSC for short).
Let m be the self-similar probability measure with uniform weight, that is, m =
N;1 Ziesm © Fz'_l'

(2) Let by == {—1} x [=1,1], bp == [=1,1] x {1}, £ == {1} x [=1,1] and £p == [-1,1] x
{—1} Define Vo = 8[—1, 1]2 = gL U ET U KR U gB-

(3) Let Dy be the dihedral group of order 8 (the symmetry of the square), i.e.

D4 = {Rkask | k= 0717273}7

where
cos %’T —sin %’r coS %” sin %’T
Rk = s kw km and Sk = s kw km
Sin 5 COS D) Sin 5 COS D)

Then it is clear that ®(K) = K for all & € Dy.
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Definition 8.2 (Words and shift space). Let S, {F;}ics be as given in Definition 8.1.
For convention, we set S° := {¢}, where ¢ is an element called the empty word. Let
W, = S™ for each n € Z>o and define W, = J,;sq Wn. For w = wiws - - - w, € W,,, define
Fy, = F, oF,o0--0F, K, :=F,K)and |w = n. Let ¥ be the one-sided shift
space of symbols S, that is, ¥ = {w = wiwews - -+ | w; € S for any i € N}. We endow X
with the product topology which makes it a compact metrizable space [[Kig01, Theorem
1.2.2]. Define the shift map o: ¥ — X by o(wjwg -+ ) = waws - -+ for each wywy - -+ € 3.
The branches of o are denoted by o; (i € 5), i.e. 0;: ¥ — ¥ is defined as o;(wjwy -+ ) =
twiwsy - -+ for each ¢ € S and wywq - -+ € X. For w = wywy--- € ¥ and k € Z>(, we define
(W] = w1 - -wi € S*. Similarly, define [w]y, = wy - - - wy € Wy, for any w = wy - - w, € W,
with n > k. For w € W,, and m € N, let ¥, = 0,(2) = {w € ¥ | [w], = w} and
S™(w) = {v € Waim | [v]n = w}. We use S(w) to denote S*(w) for simplicity. Let
x: X — K be the continuous surjection satisfying {x(w)} = ()~ K], for all w € X
[KigO1, Proposition 1.3.3]. -

Hereafter, we let (K, S, {F;}ics) be PSC, d be the normalized metric, and m be the
self-similar probability measure on K as given in Definition 8.1. Note that K, N K, =
F,(V) N F,(Vy) for any v # w € W, with |v| = |w| [Kig01, Proposition 1.3.5(2)]. Let us
fix a family of Borel sets {I?w}wew* satisfying intx K, C K, C K,, for any w € W, and
K,NK, =0 for any v # w € W, with | = Ju|. Consider the approximating graphs
{G,, = (Vi En) }nen given by

Vn::Wn:Sn, En::{{v7w}evnxvn‘U#w7K’UﬂKw%®}’

and that M, : LP(K,m) — R"" in (6.8) is defined as
M, f(w) :][~ fdm for f € LP(K,m) and w € W,,.

For A C K and n € Zs, define W, [A] = {w e W, | K, N A # 0}.

8.1 Construction of a self-similar energy: Theorems 1.1 and 1.4

To carry out the strategy in Section 6, a crucial step is to verify Assumption 6.15 for PSC.
Besides, we have to check the pre-self-similarity condition (see Theorem 8.3(c) below) in
order to get a self-similar p-energy by applying a known result of Kigami [Kig00]. So the
following theorem is an important preparation whose proof is divided into several steps.

Theorem 8.3. PSC satisfies Assumption 6.15 for all p € (1,00), that is,

(a) (K,d,m) is dg-Ahlfors regular, where dg == log N, /loga, = log8/log3. In addition,
the sequence of graphs {G,, = (Vy,, Ey,) bnen equipped with the projective map my, 5, (1 <
k < n), which is defined as 7, (w) = [w], (w € V,,), is a,-scaled and a.-compatible
with (K, d).
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(b) The sequence {Gy}nen satisfies U-PL,(dy(p)) and U-CF,(0,dy(p)) for some ¥ €
(0,1], where dw(p) = log (N.p(p))/loga. and p(p) € (0,00) is given later (see

(8.5)).
Moreover, the following pre-self-similarity condition holds:

(c) foF, € F, foralli€ S and f € F,. Furthermore,
FoNC(K)={f€C(K)| foF,eF, foraliec S}, (8.1)

1/

p
and the semi-norm |f|z = (supneN v )_df)Sf"(Mn f)) satisfies the following:

there ewists C' > 1 such that for alln € N and f € F,

C < p(p)" Y |f o Fully, < CIfl%,. (8.2)

’LUGWTL

We note that the estimate (8.2) follows from properties (iii) and (viii) in Theorem 1.1.
Therefore (8.2) is necessary for the conclusion of Theorem 1.1.

We start by observing the geometry of PSC, namely Theorem 8.3(a). The next propo-
sition gives a collection of geometric properties of PSC.

Proposition 8.4. (i) For alln € Z>o and distinct v,w € W, we have m(K,,) = N "
and m(K, N K,) =0.

(ii) There ezists C > 1 (depending only on a.) such that the following hold: for all
n € Z>op and w € W, there exists x € K,, satisfying

By(x,C a;™) C K, C By(x,Ca.™).
In particular, (6.7) holds.
(iii) There exists Car depending only on a, and N, such that
Conr® <m(By(z,7)) < Carr™  forallz € K, r € (0,1],
i.e., (K,d,m) is dg-Ahlfors reqular.
(iv) {Gy}tnen equipped with the projective maps {m, i | n,k € N,k < n} is a,-scaled.
(v) {Gy, }nen equipped with the projective maps {mn | n, k € N,k < n} is a.-compatible.

(vi) For any ® € Dy, there exists a bijection 1: W, — W, such that |re(w)| = | and

<I>(Kw) = K yw) for any w € W,. Moreover, Ug,, = FT;l(w) odoF, € Dy.

In particular, Theorem 8.3(a) holds.
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Proof. The properties (ii), (vi) are easy and (iii) is a consequence of (i), (ii). So we will
prove (i), (iv) and (v).
(i) This follows from Vy # K and [Kig09, Theorem 1.2.7].

(iv) Recall that d,, denotes the graph distance of G,. Let n,m € N and w € W,,.
Let c,(w) = w15t € Vyym. Then it is clear that By, (c,(w),a?™") C mfpm(w).
Since we can easily see that diam(m, !, (W), dnym) < 247, we obtain 7,1, . (w) C
Ba, ... (ca(w),3a?). Hence we have (6.3) with A4; = 3 V a,. Also, the bound on the
diameter of 7,1, (- ) implies (6.4) with Ay = 4. This completes the proof.

n-+m,m

(v) Note that the conditions in Definition 6.4(ii),(iii) are already verified. Let p,(v) =

F, (Fl(l, 1)) € K, for n € N and v € V,,. Then the condition in Definition 6.4(iv) is

evident. So we will prove the Holder comparison (6.5). Let v, w € V,, with v # w. Pick a
path [2(0),...,2({)] in G, such that {z(0),2(l)} = {v,w} and | < d,(v,w). Then

l
d(pn(v), pa(w)) < diam (U K., d) < 2la.",

J=0

which implies the upper bound in (6.5) with C' = 2.

The desired lower bound requires a geometric observation. Let m;: R* — R (i = 1,2)
denote the projection map of R? onto i-th coordinate, i.e. m;(xy,x5) = x; for (1, 1,) € R2
Then we observe that

dn (v, e
(2 w) .20/*71 1’

1 (pn (V) = m1(Pa (W) V a2 (pn(v) = w2 (pa(w))] =

which implies d(p,(v), pn(w)) > (2v/2a,)"'d, (v, w)a;"™. Therefore, (6.5) holds with C' =
2v/2a,. O

We next move to Theorem 8.3(b). Thanks to Propositions 6.8 and 6.12, checking
U-cap,, <(dy(p)) and U-BCL(d¢ — dy(p)) is enough for this purpose. The planarity is
crucial to ensure df — dy(p) < 1 for any p € (1,00). We start with the definition of dy,(p)
which is the quantity called the p-walk dimension of PSC (see Definition 8.7 below). This
value is closely related with the sub-multiplicative and super-multiplicative inequalities
of discrete p-capacities due to Bourdon and Kleiner.

Theorem 8.5 ([BK13, Lemma 4.4]). Let p € [1,00). Define

ci = sup capy " (Tt (W), Vit \ Tt (Ba,,, (0, 2))). (8.3)

Then there ezists C > 1 (depending only on p, L.) such that
-1 n m n+m n m
ct.cinelm < clrtm < ¢ efmel™  for all n,m € N. (8.4)
In particular, the limit

lim (€)™ = p(p) € (0,00) (8.5)

n—o0
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exists, and

Clp(p)™ < CI(,") < Cp(p)™ for alln € N. (8.6)
We call p(p) the p-scaling factor of PSC.

Remark 8.6. The work [BK13] uses a slightly different version of ci™. The value of M,

in [BK13, Lemma 4.4] is uniformly comparable with e (cf. Lemma 2.12 and [BK13,
last line in p. 66]).

Definition 8.7. Let p > 1. Define

v (p) :

We call dy,(p) the p-walk dimension of PSC.

_ log (Nup(p))

8.7
log a. (8.7)

The next proposition is a collection of properties concerning analytic conditions.
Proposition 8.8. (i) df — dy(p) <1 for all p € [1,00).
(ii) The sequence {Gy,}nen satisfies U-cap, <(dy(p)) for all p € [1,00).
(i) The sequence {Gy}nen satisfies U-BCL,(dr — dy,(p)) for all p € (1, 00).

Proof. (i) Since dy < 2 and d,(p) > p (see [Shi24, Proposition 3.5] or [Kig20, Lemma
4.6.15]), we have df — dy,(p) <2—p <1 forall p > 1.

(ii) By virtue of a similar argument to the last part in Lemma 5.2, it is enough to
estimate discrete p-capacities for large enough R, say R > 2a, + 1. Let n € N, x € V,
and R € [2a, + 1,diam(G,,)). Let n(R) € Z be the unique integer such that

20" < R < 2q"FL,

Then 1 < n(R) < n since R > 2a, and R < 2a?.

For each w € Viyg), let ¢,: V, — [0,1] satisfy SOw‘sn—mR)(w) = 1, supplpw] C
Uretmtmoacr S "00(0) and £57(2,) = capfror (87710 ), V,\ 5By, (w.2)).
Let N'(z, R) = {w € Vyp) | Ba,(z, R) N S" "B (w) £ 0}. Since G, is metric doubling
and its doubling constant depends only on a, N,, we easily see that #N (x, R) < 1, where
the bound also depends only on a, N,. Let ¢ = ZweN(%R) Yw- Then gp‘Bdn (wR) = 1,
supple] C By, (#,2R) and E7(p) < #N(@.1)P7'G" < pp) " Since p(p) " =
al @) < B, (1, R)/R™®) we obtain U-cap, < (dy(p)).

(iii) Thanks to Theorem 8.5, we easily have Modf’” (Wall1], Wa[s]) < p(p)™", n € N.
This estimate together with a similar argument as in the proof of [Kig23, Theorem 4.8]

implies that the following is true: For any p > 1 and L > 1, there exists ¢ > 0 (depending
only on p, L, L,) such that for any k,n € N and v,w € V,, with d,(v,w) < L,

Modf’”*’“ ({6 € Path(5*(v), S*(w); Gyin) | diam(6, dyyn) < 2Lak}) > cp(p) ™. (8.8)

Since each cell S*(z) can be compared to a discrete ball by virtue of (6.3), we can easily
obtain U-BCL,(d¢ — dy(p)) from the uniform bound (8.8). O
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Proof of Theorem 8.5(a) and (b). (a) is proved in Proposition 8.4. (b) follows from
Propositions 8.8, 6.8 and 6.12. In particular, Assumption 6.15 holds. [

Since we have checked Assumption 6.15 for PSC, we can apply Theorem 6.22 and get
a p-energy £ on PSC. We next show the pre-self-similarity condition (Theorem 8.3(c)),
which is important to improve 5]{ , by using an unfolding argument inspired by [Hinl3,
Subsection 5.1|. This argument is long, so we divide it into several steps. First, we prove
the following easy bound:

p(0)" D o Fuly S forall fe LP(K,m). (8.9)

weWy,

Here we regard ||z as a [0, 00]-valued functional defined on LP(K,m), which satisfies
|f|fp < oo if and only if f € F,.

Proof of (8.9). Since m is the self-similar measure with the equal weights, we have M, (fo
F,)(v) = Myymf(wov) for n,m € N and w € V,,,, v € V,,. Therefore,

pp)" Y EMN(foF) =Y EVSI () < EMTT(S),

weWp, weWn

which together with the weak monotonicity (Theorem 6.13) implies (8.9). O

The reverse inequality is much harder. By adapting the argument in [Hin13, §5.1], we
will show

5 S p)" D |fo Fuly forall f e Fy, (8.10)

’LUEWn
where we set F) == {f € C(K) | fo F; € F,NC(K) for all i € S}.

The following folding maps play a key role. For details, we refer to [BBKT, Section
2.2] or [Kig23, Section 4.3].

Definition 8.9 (Folding maps and unfolding operators). (1) For n € N, let ¢,,: R —
[0,00) be the periodic function with period 4a,™ such that

5. (1) =
@alt) —t—1+4a." for t € [-1+2a.™, —1+ 4a.™].

{t+1 for t € [—1,—1+ 2a."],
Define ™ : [-1,1]2 — [0,2a;™]? by

Pz, y) = (Pul®), Puly)) for (z,y) € [-1,1]%,
For w € V,,, define ¢,,: K — K, by

ou () = (go["”Kw)l (¢"(x)) forze K.
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(2) Let Ef == {{v,w} € E, | #(K,NK,) >2}. For {v,w} € E¥, let {,, = K,NK,
and let H, ,, be the line containing ¢, ,,. Then H, ,, splits R? into the two closed half
spaces, which are denoted by G, ,, and G,,, and satisty K, C G, and K,, € Gy,,.
We remark that the order of v and w is important in the notations G ., G-

(3) For f € LP(K,m) and w € W, define Z,,(f) = f o ¢,. The map Z,, is called an
unfolding operator. For {v,w} € E¥, define E,,,(f) = Z,(f)1q,.,

To provide a quantitative (localized) energy estimate for =Z,(f) by following [Hin13],
we make the help of Korevaar-Schoen type bounds given in Section 7. Recall that, by
Theorem 7.1, there exists C' > 1 such that, for all f € LP(K,m),

C—1|f|1}p < %r—dw(p)Jp’T(f) < CIf1%,- (8.11)

Let us introduce some notations for simplicity. For f € LP(K,m), § > 0, and A, Ay €
B(K), define

Eys(f; Av, Ay) = 5~ (s // (@) — F(y)l m(dz)m(dy).
{(a: y)EA1 ><A2|d(ac y)<5}

We also write E,5(f; A) and E, 5(f) for E,s(f; A, A) and E, 5(f; K) respectively. Since

m is the self-similar measure with the weight (a;%, ..., a;%), we have

Eps(f; Kuw) = p(p)" Epazs(f © Fu) for any w € W

Note that p(p)”a*—”(df+dw(p)) — a2,

The following estimate on localized energies of Z,(f) is a key ingredient, which corre-
sponds to [Hinl3, Corollary 5.4].

Lemma 8.10. Letn € N, z € W,,, 6 > 0 and f € LP(K,m). Then, for any {v,w} € E,,
Eps(Zo(): Kon Ku) < Bps(Zo(£): K2) < p(p)" Epans(f 0 FL).
In particular, there exists C' > 0 such that
E-( ), < CHW o) If o Elf for all | € IP(K,m), n € N and = € W,

Proof. Using [BBKT, (2.22)] with v = m|k, and following [Hin13, Lemma 5.3], we have
that, for v,z € W,,,

Ep,6<Ez<f); Kv) = Ep,ﬁ(f; Kz) = p(p)nEp»af(s(f o FZ>7

and
Ep5<E (f)v Kv, Kw) < Ep,é(EZ<f); KU)
Next we give an estimate for [=,(f) 7,- Let n € Nand z € W,. For small enough ¢ > 0,

p5 ‘—'z Z Ep5 Hz Z p§ Hz K’LMK’(U)'

veW, {vw}eE,
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Therefore, we have F,5(Z.(f)) < (1 + LJ)p(®)" > pew, Epans(f o F2) (recall that L, =
sup,cy deg(G,,) < oo as defined in Definition 6.9). Hence

%Ep,(s(az(f)) S p(p)n%Epyé(f o F,)(#W,),

which together with (8.11) yields the desired conclusion. O

We also need the following approximation.

Lemma 8.11. Let F' be a non-empty subset of K. Suppose that f € F, NC(K) satisfies
f(x) =0 forallz € F. Then there exist f,, € F,NC(K) (n € N) such that supp|f,] C K\F
for alln € N and f,, converges in F, to f as n — oo.

Proof. We first consider the case that f is non-negative, i.e., let us suppose that f €
F, NC(K) satisfies f | »=0and f > 0. Since f is uniformly continuous, for any n € N
there exists 7, > 0 such that f(z) < n~! for all z € F, = |J,.p Ba(x,r,). Define
fn€ F,NC(K) by f, = (f — nil) V 0. Then we immediately have f,(z) = 0 for
x € F, and supp|f,] € K \ F. Furthermore, by Theorem 6.22(ii) (or (8.11)), we have
£l 5 < Clf| 7 for any n € N, where C is independent of f and n. It is also clear that
SUPex |f(x) — fu(z)] = 0 as n — oo and hence ||f — f,||;, — 0. Since {f,},>1 is a
bounded sequence in F,, there exists a subsequence {f,, }x>1 such that f, converges
weakly in F, to f as k — oo. Applying Mazur’s lemma (Lemma A.1), there exists
gn € Fp NC(K) (n > 1) such that supplgn] € K \ I and [[f — gn||z, — 0, which proves
our assertion.

For general f € F,NC(K) satisfying f ! » = 0, we obtain the assertion by applying the
above result for f*. O

Next we prove a Fatou type lemma for localized Korevaar—Schoen energies.

Lemma 8.12. Let f, fi, € F,, k € N, such that f;, converges in LP(K,m) to f as k — oo.
Suppose Supen |fk’fp < 00. Then, for anyn € N and {v,w} € E,,

limsup E, 5(f; Ky, K,,) < liminflimsup E,, 5(f; Ky, Ky).
510 n—oo 510

Proof. First, we prove the following claim: for any ¢,gx € F,, & € N, such that

limy o0 lg — gk]fp =0, we have

lim %Ep,g(gk; K, K,) = %Em(g; K, Ky). (8.12)

k—o0

This is immediate since

lim . p _ Tim . pl < Tim — .- 1/p
lging,a(g,Kv,Kw) lging,s(gk,Ku,Kw) _lgﬁ)lEp,a(g Gn; Ky, Kyp)

T _ 1/p _
Slgﬁ)lEp,a(g gr)'"? Sl gks|]—'p‘
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The rest of the proof is a standard argument using Mazur’s lemma (Lemma A.1).
Let fr, € F,, k € N be a sequence converging in L? to some f € F,. By extracting a
subsequence { fi }p if necessary, we can assume that

lim lim B, 5( fir; Ko, Ky) = lim lim B, 5(fi; Ky, Ku).
Jim lim .8 (s Koy Kop) Lim lim p.8 (s Koy Kop)
Since F, is reflexive, there exists a subsequence, which is also denoted by {fi }x, such

that fi converges weakly in F, to f. By Mazur’s lemma, there exist finite subset I; C
[7,00) NN, j € N, and

{A,(j?

such that g; = Zk,elj )\,(C];)fk/ € F,(j € N) satisfies || f —ngfp — 0 as j — oo. By the
triangle inequality of LP-norm, we see that

A > 0for k€ I;and DAY = 1}

Kel; JEN

T B 5(9;: K. K,)7" <y A<€>@Ep75(fk/;Kv,Kw)1/p.
k’eI]-

Letting 7 — oo and using (8.12), we obtain

m . p < Jim Tm . 1/p
léli{)l Ep,é(f) Km Kw) = kll—rgclx; 1;}/51 Ep,5(fk 7Kva Kw) )

proving our assertion. O

Now we can estimate the unfolding map =, ,,(f) for {v,w} € E¥.

Lemma 8.13. Let n € N, {v,w} € Eff and f € FJ. If f}e =0 and z € W, satisfies
K, C Gy, then limgo Ep’g(E%w(f); KU,KZ) = 0.

Proof. This lemma corresponds to a weaker version of [Hinl3, Lemma 5.6]. Let n € N
and {v,w} € E¥. Let f € F, satisfy f‘ﬁw = 0. Note that =,(f) € F,NC(K) by Lemma
8.10. Applying Lemma 8.11 for Z,(f), we obtain a sequence f, € F, NC(K), k € N
such that supp[fi] € K \ {,, and f; converges in F, to Z,(f). Set g = Z,(fr) and
hy = =y (fr) for k > 1. For ¢ < disty(H,,w, supp|gx]), we see that

Ep,&(hfk’) = Ep,(s(gk; KN Gv,w) < Ep,é(gk)‘
Combining with Lemma 8.10 and (8.11), we obtain

|hk|p]-‘p 5 %Ep,d(hk) S %Ep,ﬁ(gk) S C(#Wn)p(p)n|fk o Fv|z_;-‘pa

which together with (8.9) implies that {hy};>1 is bounded in F,. Note that hj; converges
in LP(K,m) to Z,,,(f) as k — oo. Hence, by Lemma 8.12, for all z € V,, such that
Kz g Gw,vv

%Epﬁ(Ev,w(f); Kva Kz) < %%Ep,é(hk; Kva Kz)
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Ifo < disty(Hy,w, supplgx]), then we have E, 5(hy; Ky, K,) = 0. Therefore, we obtain
lims o £y 5(Zp0(f); Ky, K,) = 0. This completes the proof. O

Finally, we can prove the bound (8.10) and complete the proof of Theorem 8.3(c).

Proof of Theorem 8.3(c). The estimate (8.9) is already proved. In particular, F, = {f €
Fp| foF; e F,forallie S} Toprove (8.10), let f € F7. Let us fix n € N. Then, for
small enough 6 > 0, we observe that

Ens(f) =Y Eps(fiKo)+ Y Eps(fi Ko, Ku). (8.13)

weWn, {vw}eE,

We obtain upper bounds for E, 5(f; K,, K,,) by dividing into the following two cases.
Case 1:{v,w} € E¥; Define h; € C(K), i € {0,1}, by

h() = Ev(f) and hl = Ew,v(f — ho)

It is easy to see that f|, . = (ho+hi)|, . and that (f —he)[, = 0. Since

hy € F, NC(K) by Lemma 8.10 and f € .7:];9, it is also immediate that f — hg € .7:};9.
Hence, by Lemmas 8.10 and 8.13,

@Ep,é(f; Kva Kw) < 2p—1 %(Ep,é(ho; Kva Kw) + Ep,zS(hl; Kva Kw))
<27 p(p)*lim B, 5(f o F,).
310
Case 2:{v,w} € E, \ E¥; Clearly, there exists z(i) € W,, i € {1,2,3}, such that

{2(1),23)} = {v,w}, {2(i),2(i + 1)} € EF for i € {1,2} and K.;) € Gy for
{i,7} = {1,3}. Now we define h; € C(K), i € {0,1,2}, by

ho =EZ.(f), T =E.0):2(f —ho) and hy = E.3).2)(f — ho)-

Then we have f’U;Lle(i) = (ho+ M —l—hz)‘Ug:le(i) and (f — ho)
Hence, by Lemmas 8.10 and 8.13,

£2(1),2(2)U2(2),2(3)

2
lim B 5(f; Ko, K) < 37 Tim 2% Bps(hys Ko, Kup) < 37 p(p)" T Ep s (f © Pegz))-
j:

From (8.13) and above observations, we obtain

I 2 n I
lim B, 5(f) < (1+ Ly)o(p) lim E, 5(f o F),
’UGWn
which together with (8.11) proves (8.10) (recall that L, = sup,,cy deg(G,,) < oo as defined
in Definition 6.9). Note that (8.10) implies F5 = F, N C(K). We finish the proof of
Theorem 8.3. 0J
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We are now ready to prove the first four main results stated in the introduction.

Proof of Theorem 1.1. Theorem 8.3 implies Assumptions 6.15. Therefore by Theorem
6.17 we obtain the conclusions (i) and (ii).

The existence of a self-similar energy with the desired properties follows from a stan-
dard argument; see [[Kig00, Theorem 1.5] or [KS24+4-b, Theorem 5.22] for example. We
shall briefly explain how to obtain the desired p-energy functional. We set

U, = {5: Fp — 10, 00)

EVP is a seminorm on F,, there exist ¢, ¢y > 0
such that cl|f|fp < E(HYP < cz|f\fp for any f € F,

and define S: U, — U, by

(0)> E(foF), EclU,feF,

ies
By (8.2), there exists C' > 1 such that

C s <S"E(f) =p)" > & (f o Fy) <C|ff forany f € F, and n € N,

weWpy,

where Spr € U, is given by Theorem 6.22. Since F, is reflexive and separable by Theorem
6.17, there exists {ny}ren € N with ny < ngyq for any k& € N such that the following limit
exists in [0, 00) for any f € F:

ng—1

E,(f) = lim — Z SIEN(f (8.14)

k—o0 nk o

Then it is easy to see that £, has the desired self-similarity (1.2), which together with (8.1)
in Theorem 8.3 shows (viii). The other properties (iii), (iv), (v) and (ix) are easily implied
by Theorem 6.22 and the explicit expression (8.14) (note that g',(,n)( foT)= g',(,n)( f) for
any n € N, f € LP(K,m) and T € D, by Proposition 8.4(vi) and the self-similarity of
mx).

The strong locality (vii) is an easy consequence of the self-similarity (viii) (see

[Shi24, Subsection 6.2]). The estimate in (vi) follows from applying Lemma 6.24 with
r = 2diam(K,d). The proof is completed. O

Proof of Theorem 1.4. As mentioned earlier, Assumption 6.15 follows from Theorem 8.3.
The desired conclusion then follows from any application of Theorem 7.1. OJ
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8.2 Associated energy measures: Theorem 1.2 and 1.5

We next focus on the object called energy measure associated with our self-similar p-
energy. Hereafter, we let £, be a p-energy as given in Theorem 1.1. Then we can introduce
measures by using the self-similarity of £, as done in [Shi24, Section 7] (see [Hin05, Lemma

4.1] for the case p = 2). Let f € F, and n € Z>o. Define a finite measure mﬁ,n)(f> on

W, by setting m\" ( Y{w}) = p(p)"Ey(f o F,,) for each w € W,. Due to the following
equalities:

S w0l = o) S p(p)E F,) o F) =m{(f)({w}),

veS(w) €S

we can use Kolmogorov’s extension theorem (see [Dud, Theorem 12.1.2] for example) to
get a finite Borel measure m,(f) on ¥ = SM such that

m,(f)(Bw) = p(p)"Ey(f o Fyy) for any n € Zso and w € W,

Clearly, m,(f)(X) = &,(f).

Now we define a measure I',(f) on K as I',(f) = x.(m,(f)), where x is the map in
Definition 8.2. Note that I',(f) is a finite Borel-regular measure on K (see [Dud, Theorem
7.1.3] for example). We shall say that I',(f) is the &,-energy measure of f.

The following lemma gives behaviors of ‘p-energy on each cells’.

Lemma 8.14. For any f € F,, w € W, and n € Z>y,

p(p)"Ep(f o Fiy) < Tp(f)(Kw) < p(p)" Z Ep(foF,

’UGWn [Kw]

Proof. The lower bound is immediate from ¥, C x !(K,). The upper bound follows
from x1(K,) C Usew, ru) Zo- O

The following proposition is a collection of basic properties of energy measures.
Proposition 8.15. (a) Let f € F,. Then I';(f) =0 if and only if f is constant.
(b) For any f,g € F, and A € B(K),
Dp(f + g} (A7 < T, (A)Y? + T, (g)(A)7. (8.15)

(c) If f € F, and ¢ € C(R) is 1-Lipschitz, then I'y(p o f)(A) < T (f)(A) for any
A e B(K).

(d) For anyn € N and f € F,,

Lp(f) = p(0)" D (Fu)ly(f o Fu), (8.16)

’wEWn

that is, T,(f)(A) = p(p)" e, Tolf 0 Fu) (F, (A)) for all A € B(K).
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(e) For any ® € Dy and f € F,, we have ®,(L(f)) =T, (f o ®).

Proof. (a) It is clear from I',(f)(K) = &,(f) and (1.1).

(b) It suffices to show (8.15) when A is a closed set of K since I',( f+¢) is Borel regular.
For n € N, define C,, := {w € W,, | Z,Nx 1 (A) # 0} and B¢, = {w € X2(9) | [w]. € C,}.
Then {X¢, } ., is a decreasing sequence satisfying (,cy Sc, = x ' (A) (see the proof of
[Hin05, Lemma 4.1]). By the triangle inequality,

e 1/p
(Z &/ +9)0 Fw)) (Z (&(f 0 F) 7+ E(g 0 ml/p)p)

<
weChp weCly,
1/p 1/p
S(ng(fon)> +<ng(gon)> )
welCly, weCly,

which proves m,(f +g) (Ecn)l/p < m,(f) (Ecn)l/p+mp<g> (ch)l/p. Letting n — oo yields
(8.15) for any closed set A.

(¢) By Theorem 1.1(v), p(p)" > e &n((p0 f) o Fu) < p(p)" Y wen En(f 0 Fy) for any
n € Nand A CW,. A similar approximation argument in (b) proves the assertion.

(d) The proof is exactly the same as in [Shi24, Theorem 7.5].

(e) By the Borel regularity, it suffices to show the case that A is a closed set of K.
Let f € F, and ® € D,. ForeachnEN define C,, = {wEW |Z Nx'(A) # 0},
C’n,¢::{w€Wn|ZwﬂX_1( #@} chi—{w62| EC}andEcé::
{we X | W€ Cro}. Then 74c, gives a bijection between C, and Che. Hence

my(f 0 ®)(Sc,) = p(0)" Y E(fo(@oFu)) =p®)" > &((f 0 Fryw)) © Usw)

wely welCly,

Z 5 T¢(w = p(p)" Z Ep(f o Fy) = my(f) (Ecn,é)‘

wely, veCy 3

Letting n — oo, we obtain I',(f o ®)(A) = @.(T,,(f))(A) since M, cx Xc, = X '(A) and
Noen 2o = X H(@71(A)). Hence we obtain @, (I,(f))(A) = T,(fo®)(A) for any closed
set A of K. O

Let us move to the chain rule of energy measures. The following ‘weak locality’ of
energy measures corresponds to the condition (H5) in [BV05], which is a consequence of
the self-similarity of energies.

Lemma 8.16. Let U be an open subset of K. If f,g € F, satisfy f = g m-a.e. on U,
then Ty (f)(U) = Tp{g)(U).

Proof. By the inner regularity of I',( f) and I',(g), it suffices to show I',(f)(A) = T',(g)(A4)
for any closed subset A of U. Pick ¢ € (0, disty(A, K \ U)) and N € N so that a;™ < ¢
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for any n > N. For n € N, define C,, .= {w € V,, | £, N x }(A4) # 0}. Since fo F, =
go F, (m-a.e. on K) for any w € C,, with n > N, we have

m, (f)(2 p)" D E(foFL) =p®)" Y Elgo Fu) =my(g)(Sc,).
weCly weCy,
Letting n — oo proves I',(f)(A) = I',(g9)(A), which completes the proof. O

Now we show the chain rule for functions in F, N C(K).

Theorem 8.17 (Chain rule). For any ¥ € C'(R) and f € F, NC(K),

Lp(W o f)(dw) = [W'(f (@) Tp(f)(d), (8.17)
that is, Tpy(V o f)(A) = [, W' (f(x)’ Tp(f)(dz) for any A € B(K).

Proof. The idea is very similar to [BV05, Proposition 4.1]. We present a complete proof
because the framework of [BV05] is slightly different from our setting. Let f € F,NC(K),
U € C*(R) and € > 0. Then there exists 6 > 0 such that

W'(f(x)) =¥ (f(y))| <e forany z,y € K with d(z,y) < 0.

Let {x;},es be a family such that z; € K (j € J), #J < oo and K =
Jj € J, we define ¥;: R — R by

YO = e /f(> (e ) vey]e

Then, it is clear than ¥; € C*(R) and ‘W;(tﬂ < 1 for all t € R. We note that if s € R
satisfies [U'(s) — U'(f(x;)) < e, then

() W)
(!\If’(f(:vj))l e 1) V) = e T e

In particular,
| . \If(f(ﬂf)) o , ) — \I//(f(ﬂf))
\I/J(f( )) |\If’(f($]))| +e d qjj(f( )) |\I//(f(l'3))| +e

Set a; = [U'(f(x;))| + ¢ for simplicity. By Lemma 8.16, Proposition 8.15(d) and the outer
regularity of energy measures, for any £ € B(K) with £ C By(z;,0), we see that

Lp{W o f)(E) = Ty(a;(T; 0 ))(E) = ajTy(¥; 0 f)(E) < (W'(f(2))] + ) Tp(f)(E).
Therefore, for £ € B(K) with E C By(z;,0),

L(Eo B < [ WP TNE) + [ [(W () + ) = WG @F] Ty )

W7 (f () +e
/|\I/ (f)(dzx) + / / psP~tds
W’ (f (@)

< [ WU@F THN) +2- Cpu Tl ) .19

ey Ba(zj,0). For

for any = € By(x;,0).

(/) (dz)
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where C), y ; is a constant depending only on p and sup,e y(x [¥'(2))-

Now let A € B(K) and let J = {1,...,N}. We inductively define A; by A; =
AN Bqy(x1,6) and Ajq = (AN By(xj41,0)) \ A; so that A = Ujvzl A,;. By summing (8.18)
with = A; over j and letting ¢ | 0, we obtain

Iy / ' (f (f)(dzx) for any A € B(K). (8.19)

Next, we prove the converse inequality of (8.19). For n € N, we define a closed set F,
of K by F, = {z € K | |¥'(f(z)) >n"'}. Note that Uns1 £ = {¥ o f # 0}. For each
neN there ex1sts 0n, > 0 such that

W(F (@) ~ V(S < 5 for any z,y € K with d(z,) < 6.

Pick I,, € N so that max,ew, diam(Ky,d) < d,. Let
Ffi={oe K| W(f(@) > n'} = (Wo )7 ([0, 00)),

Fy={reK|V(f(x)<-n}=(0o f)—1<(—oo, —n—l}),
and W, [FE] ={w e W, | K, N FEf+#(}. Then, we easily see that

F,=FfUF; C U E.|u U E.].

weWy,, [Fi] weWy, [Fr ]

and V'(f(y)) > (2n)_1 (resp. U'(f(y)) < —(2n)7!) for any y € Uwew, (1] Kw (resp.
Yy € Uwer i) Kw). Since f(Ky) is a connected subset of R and both functions f and
U'o f are umformly continuous on K, we can pick ¢/, > 0 and a collection of open intervals
{1w}tuew, (r#) so that

F((Kw)s,) € Ly and inf [U(£)] > 0 for any w € Wi, [FTUW,[F,].
€Ly
Since ¥ € C'(R), ¥ is strictly increasing or strictly decreasing on each I,. Applying

the inverse function theorem (e.g. [Jost, Theorem 2.7]), we get the inverse functions
To: V(I,) = Rof U. For any w € W, [F,[]UW, [F] and any £ € B(K) with E C K,,

n

by Lemma 8.16 and the inequality (8.19) as measures,
/|x1/ ) (d) /|x1/ T,(Ty oW o f)(dz)
< [ LW @) Ty o 1) (da)
— [ anwe ) =r,wo ()
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A similar covering argument as in the previous paragraph yields, for any A € B(K),

/AOF ' (f2))P Tp(f)(dx) < Tp(To fY(ANF,).

By letting n — oo, we get

[ w@rT e = [ @) )
AN{Wof£0}
<T,Wo f)AN{W o £0}) < T,(W o f4),

which together with (8.19) implies the assertion. O]

As an immediate consequence of Theorem 8.17, we can prove the following theorem
called energy image density property (wee [CF, Theorem 4.3.8] for the case p = 2), whose
proof is essentially the same as in [Shi24, Proposition 7.6].

Corollary 8.18. For any f € F, NC(K), it holds that the image measure of I',(f) by f
is absolutely continuous with respect to the one-dimensional Lebesgue measure £ on R.
In particular, T, (f)({z}) =0 for any x € K.

The same proof as [Shi24, Theorem 7.7] implies the following ‘strong locality in a
measure sense’.

Corollary 8.19. Let f,g € F, NC(K). If (f — g)|la is constant for some Borel set
A€ B(K), then Ty (f)(A) = I (g) (A).

Remark 8.20. Theorem 8.17, Corollaries 8.18 and 8.19 are restricted to f € F, N C(K)
because of the possibility of m L I',(f). Indeed, for canonical Dirichlet forms on many
fractals, such a singularity is expected [Hin05, KM20].

Next we prove the following Poincaré-type inequalities in this setting.

Theorem 8.21. There exist Cp > 0 and Ap > 1 such that for any f € F,, x € K and
r >0,

/ £ (9) — Fasiom|” mldy) < Cprd® / ar,(f). (8.20)
By(z,r)

By(z,Apr)

In particular,
1/p
/ F(0) = Fouon| m(dy) < CLP re @) ( / de<f>) S (82D)
By(x,r) By(z,Apr)
Proof. We show that o(&,) € (0,00), where

a(&,) ::inf{ (f)‘fe]—“ NnC(K), fl, _O/fdmzl}.
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By Theorem 1.1(ii), (v), we have
Fomal) = {r e Fyncw0)| 11, =0, [ ram=1} 20
K

and hence o(&,) < oo. Let F, (L) denote the closure of Fpave(L)) with respect to the
norm || - pr. Clearly, fK vdm = 1forany v € F, ave(L). Foreachn € N, let v, € F, ave(L)

satisfy £,(v,) < infrer, 1) Ep(f) +nt, and define h,, € C(K) b

h, = Z (F})«vp.

i€{3,4,5}

By Theorem 1.1(viii), we have h,, € F, NC(K) and
&) = 3p(p)Ep(0n) < 3p(p) (&) + ).
We also have from Theorem 1.1(vi) that
oy S o = (il + ) < CE(ha) + ().

From these estimates, {h, }n,en turns out to be a bounded sequence in F, and hence, by
Theorem 1.1(i), we get a subsequence {fn, }ren and hos € F, so that h,, converges weakly

to heo in Fp,. Mazur’s lemma yields a sequence h € conv{hy, }1>; (j € N) such that h
converges to he, in F,, and we then have

Ephos) = jlim & ( ;) < limsup 3p(p) (U(gp) +j_1) = 3p(p)o(&p),
S J—00
and [} hoo dm = lim; o [} Ej dm = 3/8. If 0(£,) = 0, then hy should be a constant
function by Theorem 1.1(vi). Since h; = 0 on ;g\ (345 i We have ho = 0, which
contradicts [, hoo dm = 3/8. Therefore o(&,) > 0.
Next we show that for any f € F,,

fre, = fre.” < 2707 Va(8) 7 p(p) ™" [Ty (f) (K) + Tplf) (Kw)] (8.22)

By Theorems 1.1(ii) and 1.2(ii), it suffices to assume that f € F,NC(K ) By replacing f
with fo® for some ® € Dy, we may assume that F, ' (K,NK,) = {1, F,;'(K,NK,) = lR.
Without loss of generality, we assume that fx, — fx, # 0. The functlon h:=fokF,—
(foF,)oS; € F,NC(K) satisfies [, hdm = fg, — wa,h}eL =0 and

gp(h> < (5p<f © Fv>1/p + gp(f © Fw)l/p)p < 2r/ 1) (gp(f o Fv) + gp(f © Fw)) (8-23>

By Lemma 8.14, we know that p(p)"E,(fo F,) < T',(f)(K,) for any z € W,,. Hence (8.23)
yields the desired inequality.

Finally, we prove (8.20). For r € (0,00), let n = n(r) € Zso be the smallest
non-negative integer such that r > a,;". Set W(x,r) = W,[By(z,r)] and U(z,r) =
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Uwew (e Kw-  Since diam(K,,d) = a;" for any w € W(z,r), we easily see that
U(z,r) C Bgy(x,Apr), where Ap = 2. Also, there exists N; which is independent of
x,r such that #W (x,r) < N; by the metric doubling property of (K, d) (see Proposition
8.4(i1), (iil)). It is easy to see that

[ V= ool mia
U(zx,r)
<ot S i) (£ vw - s

weW (z,r)

Pm(dy) + | fx, — fww)\p) : (8.24)
By Theorem 1.1(vi) for f o F,, and Lemma 8.14, we have

f I — frlPdm < C&,(f o Fu) < Colp) T (f)(Ku), (8.25)

w

where C'is the constant in Theorem 1.1(vi). Note that, by Proposition 8.4(i),

Tk — fU@r) = )] Z (frw — fro)M(Ey).

veW (z,r)
Hence, by choosing w’ € W (x,r) \ {w} so that fx, — fx , = max,ew @ |fx, — fx.|,
‘wa - fU(:c,r)l < |wa - wa/ )

which together with Holder’s inequality and (8.22) yields that

fiw = fon|” < 2/EIHNTT 0 () p(p) ™ D Tp(f)(KL), (8.26)

veW (z,r)

Since m(Ky)p(p)™" = ax ndw®) < pdw®) for any w € W,, we obtain (8.20) by combining
(8.24), (8.25) and (8. 26) O

The next proposition obtains bounds on p-energy measure expressed using the under-
lying metric and measure. By using (8.20) instead of (6.34) in the proof of Lemma 7.2,
we immediately achieve the following ‘local behavior of p-energy in terms of (fractional)
Korevaar—Schoen expression’.

Proposition 8.22. There exists C > 0 such that for all Borel set U of K and f € F,,
we have

lim sup / ]i )%—(Z;(Wm(dy)m(dx) < CT, (/) (D), (8.27)

rl0
and

rn@) < Ciptimpt [ f - SOZIO . g2
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Proof. Let U C K, 6 > 0 and f € F,. The same argument using a maximal r-net
N,(CU) of U to get (7.3) yields

f(x) — f(y)]”
/U ][Bd(m R e m( Zr ) (Ba(y, 2Apr)).

yEN,

Since >y, Lp,(.24pr) S Ltna,, Py the metric doubling property, we obtain (8.27).
Next we show (8.28). By Lemma 7.3, we have

n—00 rl0

P
hmsupf,'( o (f) < Co hmmf/U ]{9 wa V@) = Fy)” m(dy)m(dx), (8.29)
S5 d:rr

where Cy > 0 is independent of U, 9, f. Let k € N be large enough so that UweWk[U] K, C
Us. Then we see that

Lp(N)(U) < my(f) U S | = p(p)* Z Ep(f o Fu)

weW[U] weW[U]
. S(n n+k
Sp* Y lim EM(foFy) = Y lim ENGR (f).
weW,[U] "7 weW, [U] "7

For w € W [U], we observe that S™(w) C V,,1(Us). Therefore,

Ly (A) Slimint Y7 &G0, < lmsup &, ()

wGWk[U}

Combining with (8.29) for Us, we obtain (8.28). O]

Remark 8.23. Once we have energy measures and the Poincaré inequality, minor modi-
fications of the proof of [Mur24, Theorem 2.9] show the following result: for any uniform
domain U of K in the sense of [Mur24, Definition 2.3] and f € F,, we have I',(f) (0U) =
Note that intx K = K \ V), is a uniform domain in this sense.

Finally, we finish the proof of Theorems 1.2 and 1.5.

Proof of Theorem 1.2. The existence of energy measures follows from the construction
described at the beginning of this subsection, which in turn follows from Theorem 1.1.
Properties (ii)-(iv) follow from Propositions 8.15. The assertions in (vi) follow from The-
orem 8.17 and Corollary 8.19.

It remains to prove (i). The property I',(f)(K) = &,(f) is immediate from the defi-
nition of I',(f). In order to prove the second assertion, note that for any w € W,,,n €
N, f € F,, by the self-similarity (iv),

L) =p)" Y Tplfo F)(KuN Ky). (8.30)

UEWp; Ky MKy #0
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If u+# w and u,v € W, then K, N K,, C F,(Vy) which has energy measure zero by
Remark 8.23 and the self-similarity (iv). Therefore I',(f)(Ky) = p(p)"L'y(f o Fu)(Kyw) =
p()"E(f o Fy) for any w € W,,n € N, f € F,. O

Proof of Theorem 1.5. The Poincaré inequality and capacity upper bounds follow from
Theorem 8.21 and Proposition 6.21 respectively after verifying the assumptions using
Theorem 8.3. O

Remark 8.24. One can see that the arguments in this section work with minor modi-
fications for the generalized Sierpinski carpets (in the sense of Barlow and Bass [BB99];
see also [BBKT, Kajl10] for a correction of the original definition) embedded in R%. To go
beyond the planar case, there are two obstacles that we have to overcome. The first one
is the restriction on p such that df — dy(p) < 1, which was always assumed in Sections
3-5. In higher-dimensional cases, there may exist p € (1,00) such that di — dy,(p) > 1, so
we need completely new techniques/arguments to cover the all case p € (1, 00) in Sections
3-5. This seems to be a very challenging problem (see also Problem 10.1). Even for p with
di —dw(p) < 1, one has to verify both U-PL,(3) and U-cap, <(/) (with the same exponent
) for the approximating graphs, which is the second obstacle. As done in Proposition 8.8
for the Sierpinski carpet, one can obtain these conditions if one knows a good behavior of
the discrete p-capacities as in (8.4) or (8.6). Let us emphasize that the argument in [BI13,
Proof of Lemma 4.4] (see also Theorem 8.5 for the statement of this result) showing (8.4)
(and (8.6)) uses the planarity in an essential way. Fortunately, a recent paper by Anttila
and Eriksson-Bique [AEB24+-b], which appeared after the submission of our paper, shows
the multiplicative inequality corresponding to (8.4) for any p € (1,00) on a large class of
fractal spaces having nice symmetries including the generalized Sierpinski carpet. A part
of their results can be regarded as a generalization of [BB90, Mc02] (the case p = 2), and
it seems to be enough to obtain U-PL,(5) and U-cap, < (/) for the generalized Sierpiriski
carpets beyond the planar case as long as df — dy(p) < 1 is satisfied. See also [AEB24+-b,
Section 9].

9 Comparison with the Loewner space: Theorem 1.7

In this section, we obtain partial results towards the attainment problem, namely the last
main result Theorem 1.7.

9.1 Newton-Sobolev space N'”

We start by briefly recalling the theory of first-order Sobolev spaces on metric measure
spaces based on the notion of upper gradients. A comprehensive account of this theory
can be found in [HKST] (see also [BB, Heil).
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Hereafter, we let (X,6, ) be a metric measure space in the sense of [HKST], i.e.,
(X, 0) is a separable metric space and p is a locally finite Borel-regular (outer) measure
on X. In addition, we always assume that ©(O) > 0 for any non-empty open set O.

We first recall the notion of modulus of curve families.

Definition 9.1 (Modulus of curve families). Let p € (0,00) and let I' be a subset of I'yet,
where '\t denotes the set of rectifiable curves in (X, 6). A non-negative Borel function
p € #B.(X) is said to be admissible for I" if inf ep prds > 1, where fv,ods is the usual
curve integral (see [HKST, Section 5.1]). The p-modulus of I' is defined as

Mod, (") = inf{HpHﬁp(#) | p is admissible for I'}.

We shall say that a property of curves holds for Mod,,-a.e. curve if the p-modulus of the
set of curves for which the property fails to holds is zero.

The corresponding properties to the discrete case in Lemma 2.3 are also true for p-
modulus on (X, 0, ) [HKST, Section 5.2]. The next notion of minimal p-weak upper
gradient of a function u plays the role of ‘(Vu|’. The notion of weak upper gradients was
introduced in [HK98], where it was called ‘very weak gradients’.

Definition 9.2 (Upper gradients). Let p € (0,00), u: X — R and g € #,(X). (Here,
both u and ¢ is defined on every points of X.) The Borel function g is called a p-weak
upper gradient of u if

u(z) — u(y) < /gds for Mod,-a.e. v € Tect, (9.1)

o

where x,y are endpoints of v. If (9.1) holds for every compact rectifiable curve, then g is
called an upper gradient of w.

A p-weak upper gradient g of u is said to be a minimal p-weak upper gradient if it
is p-integrable with respect to the measure p and if g < ¢’ p-a.e. in X whenever ¢ is a
p-integrable p-weak upper gradient of u. Such the minimal p-weak upper gradient of u is
denoted by g,.

Remark 9.3. There are several other ways to define upper gradients, and these coincide
with each other on any compact metric space equipped with a finite Borel measure. See
[AGS13, Section 4 and Theorem 7.4] for details. Our definition of g, is the same as that
of the upper gradient denoted by [Vulg , in [AGS13].

If {g | g is a p-integrable upper gradient of u} # ), then the existence and uniqueness
(up to a p-null set) of minimal p-weak upper gradient are established by the direct method
in calculus of variations [HKST, Theorem 6.3.20 and Lemma 6.2.8]. We also recall that
I gu||’£p( . is the smallest L? (X, p)-norm among all p-integrable p-weak upper gradient of
u. For other basic properties on upper gradients, we refer to [BB, Hei, HKST].

For a locally Lipschitz function u: X — R, we define its lower pointwise Lipschitz
constant function lipu: X — [0,00) as

lipu(x) == liminf sup M, (9.2)

™0 yeB(zr) r
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which gives a typical example of upper gradients [HKST, Lemmas 6.2.5 and 6.2.6].

Proposition 9.4. Ifu: X — R is a locally Lipschitz function, then lipu € B, (X) is an
upper gradient of u.

Now we can define the function spaces NP and NL» , which are called Newton-Sobolev
spaces and introduced in [Sha00]. Let p € [1,00) and let

N'P(X,0, 1)

exists a p-integrable p-weak upper gradient g of u

= {u: X — [—00, ]

u is p-integrable with respect to p and there } (9.3)

which is clearly a vector space (over R). We equip N'?(X, 6, 1) with the seminorm
I v (x,0,0) 8iven by

||u||N1aP(X,9,u) = ||U||Lp(u) + ||gu||LP(u) : (9.4)
To get a normed space, we next consider a quotient space of N LP(X,0, ).

Definition 9.5 (Newton-Sobolev space N'P). Let p € [1,00). Two functions f,g €
Nl’p(X, 0, 1) are said to be equivalent, f ~yip g for short, if || f — gHNLp(X,gw = 0. Let
us denote the equivalence class of f by [f]y1». The Newton-Sobolev space N*P(X, 0, 1) is
defined as the quotient normed space N Lr(X, 0, 1)/ ~n1p, whose quotient norm associated
with the semi-norm defined in (9.4) is also denoted by || [ y1.s(x g, We also use || - || y1.

or || - HNLP(M) to denote || - HNLP(X,O,M)‘

For any p € [1,00), N'?(X,0, 1) is a Banach space [HKST, Theorem 7.3.6].

Remark 9.6. If (K, d, m) is the Sierpinski carpet given in Definition 8.1, then [HIKST,
Proposition 7.1.33] implies that N"P(K, d,m) is trivial, i.e., N'"?(K,d,m) = LP(K,m).
This triviality is due to the fact that Mod,(I'ject (K, d)) = 0. Such triviality of 1-modulus
is proved by [LLP04] and one can find a proof for any p > 1 in [MT, Proposition 4.3.3].

We recall Poincaré inequalities based on the notion of upper gradient.

Definition 9.7. Let p € [1,00). The metric measure space (X, 60, u) is said to satisfy
the (p, p)-Poincaré inequality if there exist Cp € (0,00), Ap € [1,00) such that for any
re X, r>0ue N"(X,0,u) and for any p-weak upper gradient g of u, we have

/ u(y) — upy(om " 1(dy) < Cpr? / g* dp, ((p, p)-PIU¢)
By(z,r) By(z,Apr)

where ug,(z,),u = fBe(x " udp. In addition, (X, 6, u) is said to satisfy the (1, p)-Poincaré

inequality (or p-Poincaré inequality for short) if for any z € X,r > 0,u € vap(X, 0, 1)
and for any p-weak upper gradient g of u, we have

1/p
][ [u(y) — By 2yl 1(dy) < Cor ( ][ g° du) : (p-PI'8)
Bo(z,r) By(z,Apr)
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Here ‘ug’ stands for upper gradient to distinguish it from Poincaré inequality corre-
sponding to energy measures as shown in Theorem 8.21 or Poincaré inequality on graphs
as shown in Theorem 4.2. Note that, by Holder’s inequality, (p,p)-PI"¢ implies p-PI"¢
without changing the constant Ap.

9.2 Lipschitz partition of unity and localized energies

In this subsection, we provide analogue results of Proposition 8.22. We focus on an upper
bound on the “energy measure” g? dp because we do not use lower bounds in this paper.

We work in the same settings as in the previous section, i.e., (X, 6, i) is a separable
metric space and p is a locally finite Borel-regular (outer) measure on X which is positive
on any non-empty open subset of X. In addition, we let p € (1,00) throughout this
subsection.

The following Lipschitz partition of unity is a well-known tool to approximate arbitrary
functions in N*(X, 6, ) with Lipschitz functions (see [HKST, pp. 104-105])).

Lemma 9.8. Let (X,0) be a doubling metric space. Let {x; : i € I} be a maximal r-
separated subset for some r > 0. Then there exists C; > 0 depending only on the doubling
constant of (X,0) and a collection of C/r-Lipschitz functions p;: X — [0,1] such that
Y icr @i = 1 and supplp;| C By(x;, 2r;) for alli € I.

The next lemma provides an estimate for upper gradients of discrete convolutions.

Lemma 9.9. Suppose that (X, 0, u) is volume doubling. Let {x; : i € I} be a mazimal
r-separated subset of (X, 0) and let {p;}ic; denote a Lipschitz partition of unity satisfying
the properties described in Lemma 9.5. For a p-integrable function u: X — R, define
u: X > R as

up(z) = ZuBe(xm)w @i(x), where Upy(z,ryp = ][ wdp for alli € I. (9.5)

iel By(z;,r)

There exists C' > 0 depending only on the doubling constant of u such that

lip u,.(z) < Cr_lj[ !u(z) — uBe(fEAT),u’ pu(dz)  forallx € X. (9.6)

Byg(x,4r)

Proof. In this proof, we write up,(z) = UBy(a,r),, for simplicity. For any z,y € X with
O(z,y) < r, we have p;(z) V ¢;(y) # 0 only if §(z;,z) < 3r and therefore By(x;,r) C
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By(x,4r) whenever ¢;(x) V ¢;(y) # 0. Hence for all z,y € X with 6(x,y) < r, we have

> (UB(air) — UB(an) (0i(@) — 0i(y))

i€l

> (e (0i(a) = i(9))
< Z |(u39($z‘ﬂ’) - uBg(mAr)) (901($) — gol(y))’

i€l,0(x,x;)<4r

< Cyr '0(z,y) Z ][ . w(z) — wpy(oar)| 1(d2)
Bog(x;,r

iel,0(x,z;)<4r

|U’r<x) - ur(y)| =

< C’gr_lﬁ(m,y)][ ’u(z) — uBa(l,Ar)’ p(dz).

Byg(x,4r)

In the second and third line, we used Lemma 9.8. In the last line, we used the fact that
i is a doubling measure and that the set of #{i € I | (x;,x) < 4r} is bounded by a
constant that depends only on the doubling constant of (X, ). 0

It is well-known that the p-energy of a function in N» (X, 0, ) is bounded from above
by a Koreervaar—Schoen type energy. We say that a function u: X — R belongs to the
Korevaar—Schoen—Sobolev space KS'*(X,0, ) if u € LP(X, ) and

fimsup [ =7 f ) P ) ) < o

el0

It is know that KSY(X, 0, ) = B;,OO(X> 0, 1); see [Bau24, Lemma 3.2].

In the following proposition, we control the LP-norm of the minimal p-weak upper
gradient on arbitrary sets using a Korevaar—Schoen type energy. The statement and its
proof is a slight extension of that of [HIKST, Theorem 10.4.3] which deals with the case
B=X.

Proposition 9.10. Let (X, 60, u) be volume doubling. There exists C' > 0 such that for
allu € KSY7(X,0, ), there exists u € N¥P(X, 0, 1) such that t = u p-almost everywhere
and such that its minimal p-weak upper gradient gy satisfies, for any Borel set B C X,

[ i< s [ 0 f ) — o) ) ), (9.7

el0

Proof. For each n € N, consider a maximal n~'-separated subset of (X,0) and the
corresponding Lipschitz partition of unity as given in Lemma 9.8. Let v, = wu,-1 de-
note the function defined in (9.5). Then by [HKST, Proof of Theorem 10.4.3], we have
limy, 00 [ < [on — uf’ du = 0 and, by Lemma 9.9 and Jensen’s inequality, there exists C; > 0
depending only on p and the doubling constant of y such that

T [ lipon(e) pu(de) < O T [ = f uly) — u(@)” p(dy) pldz) < o,  (9.8)
A &0 Ja By(z,e)

n—o0
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for any Borel set A of X. Hence {v,, }nen is bounded in Nl’p(X, 0, 1t). Therefore by Mazur’s
lemma and [HKST, Proposition 7.3.7, Theorem 7.3.8], there exists u € Nl’p(X, 0, 1) such
that © = u pra.e. and g € A, (X) satisfies the following properties. The function g is a
p-weak upper gradient of w and is a limit in LP(X, p1) of a sequence {g;},en such that g; is
a convex combination of elements in the sequence {lipv;};ey for all j and for any n € N
all but finitely many elements of g; are finite convex combinations of lipv; with j > n.
Hence by Lemma 9.9,

/ ghdp < / ¢* dp < lim sup/ (lipv,)? dp
B n—o0
(9.8)
< Climsup [ & ][ — u(@)? pldy) pu(de),
Bg Y, E

el0

which completes the proof. O

9.3 Loewner metric and measure

Let us recall the definition of Loewner spaces.

Definition 9.11 (Loewner space; [CE, Definition 1.8]). Let p € (1, 00) and let (X, 6, i) be
a metric measure space such that is metric doubling. The metric measure space (X, 0, 1)
is said to be p-Loewner if u is p-Ahlfors regular with respect to # and p-Poincaré inequality
p-PI"¢ holds. If (X, 0, u) is p-Loewner for some p € (1,00), then 6 is called a Loewner
metric and p is called a Loewner measure.

The original definition of Loewner spaces due to Heinonen and Koskela [HIK98, Defi-
nition 3.1] is based on lower bounds on modulus. However, this gives an equivalent one
by virtue of [HK98, Theorems 5.7 and 5.12]. This celebrated work identified Loewner
spaces as the abstract setting where much of the nice properties of quasiconformal maps
on Euclidean spaces are available.

The next result is an observation due to Cheeger and Eriksson-Bique [CE]. It states
that, for a metric measure space satisfying the combinatorial Loewner property, any metric
and measure attaining the Ahlfors regular conformal dimension yields a Loewner space.
We recall this short argument as it plays a key role in rest of this section.

Proposition 9.12 ([CE, §1.6]). Let (K,d, m) be the planar Sierpinski carpet in Definition
8.1. Suppose that the Ahlfors reqular conformal dimension of (K, d, m) (dimarc for short)
is attained, i.e., there exists a metric 0 € J(K,d) equipped with a dimagrc-Ahlfors reqular
measure pi with respect to 0. Then (K,0, p) is a dimarc-Loewner space.

Proof. This result follows from the dimagc-combinatorial Loewner property of PSC, which
is proved in [BK13, Theorem 4.1]. As explained in [CE, §1.6], dimagrc-combinatorial
Loewner property along with dimagrc-Ahlfors regularity implies dimarc-Loewner property
in the sense of [HK98, (3.2)]. This is due to a result of Haissinky [Hai09, Proposition B.2]



74 M. Murugan and R. Shimizu

comparing combinatorial and continuous versions of modulus and a different equivalent
definition of the Loewner property in Heinonen and Koskela’s celebrated work [HK98,
Definition 3.1, Theorems 5.12 and 5.7]. O

Recall from Definition 1.6 that the Ahlfors regular conformal dimension concerns the
existence of a metric § € J(X,d) and p-Ahlfors regular measure p on (X, 0). It is well-
known that the measures and metrics satisfying these conditions determine each other;
that is p can be recovered from 6 and 6 can be recovered from p (up to a bounded
multiplicative constant). We recall this fact in Lemmas 9.13 and 9.15.

Lemma 9.13. Let p € (1,00) and let (X,0,u) be a metric measure space. If p is p-
Ahlfors regular with respect to 6, then there exists C > 1 (depending only on p and the
doubling constant of 0) such that

C' AT (B) < u(B) < CHP(B)  for all Borel set B € B(X), (9.9)
where € denotes the p-dimensional Hausdorff measure with respect to the metric 0.

We also note that, by Lemma 9.13, the Ahlfors regularity can be regarded as a property
on metrics (and the corresponding Hausdorff measures).

Conversely, David—-Semmes deformation theory ([DS90] for example) allows us to con-
struct a corresponding metric associated to a given Ahlfors regular measure p that is
bi-Lipschitz equivalent to the original Loewner metric. See also [Hei, Chapter 14] or [MT,
Section 7.1]. To describe this we recall the definition of a maximal semi-metric.

Definition 9.14. A function r : X x X — [0, 00) is said to be a semi-metric, if it satisfies
all the properties of a metric except possibly the property that r(x,y) = 0 implies z = y.

Let h: X x X — [0,00) be an arbitrary function. Then there exists a unique maximal
semi-metric dj, : X x X — [0, 00) such that dy(z,y) < h(z,y) for all z,y € X [BBI, Lemma
3.1.23]. We say that dj, is the mazimal semi-metric induced by h. More concretely, dj, can
be defined as follows. Let ﬁ(w, y) = min(h(x,y), h(y,z)). Then

=0

N-1
dp(z,y) = inf {Zﬁ(mi,miﬂ) N eNzy=zx,z5y = y} . (9.10)

To following lemma follows easily from the definitions.

Lemma 9.15. Let p € (1,00) and let (X,d) be a metric space. If 6 € J(X,d) and p is
a Borel measure on X such that p is p-Ahlfors reqular with respect to 6. Let h(x,y) =
w(By(x, d(z,y))V/? for all z,y € X and let d;, denote the mazimal semi-metric. Then dj,
15 bi-Lipschitz equivalent to 6, that is, there exists C' > 1 such that

C™'0(x,y) < dn(z,y) < CO(x,y) for all z,y € X.

In particular dy, € J(X,d) and p is p-Ahlfors reqular on (X, dp).
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The key point of the above Lemma is that the definition of d;, depends only on the
measure g and d and not on . Nevertheless, as the conclusion shows d}, is bi-Lipschitz
equivalent to 6. The proof relies on the observation that p being a doubling measure and
0 € J(X,d) implies that u(By(z,d(x,y))) is comparable to u(By(x,0(x,y))).

In the rest of this paper, we discuss the structures of metrics and measures that attain
the Ahlfors regular conformal dimension of the Sierpinski carpet if exist. In view of
Lemma 9.15, we focus on optimal measures. We introduce the standing framework in the
remaining part:

Assumption 9.16. Let (K, d,m) be the planar Sierpinski carpet in Definition 8.1. Let
dy = log8/log 3 and p = dimarc (K, d, m). We suppose the attainment of dimarc (K, d, m).
Let 0 € J(K,d) and let pu be a Borel-regular measure on K such that p is p-Ahlfors regular
with respect to 6.

Remark 9.17. By the results of [KL04, Tys00] (see also [MT, Section 4.3] for a review
of related results), we know that

< p = dimARc(K, d, m) < df. (911)

By [BK13, Corollary 3.7 and Theorem 4.1] or alternately by [Kig20, Theorem 4.7.6], we
have dy(p) = d;.

B. Kleiner [Kle] observed than any optimal measure p is mutually singular to the
self-similar measure m. Although we don’t need this fact, it helps us to elucidate that
the comparison of norms on Theorem 1.7(i) does not follow comparison of corresponding
semi-norms as the L?(m) and LP(x) norms are not comparable.

Proposition 9.18 (due to Bruce Kleiner). Under Assumption 9.16, the measures m and
woare mutually singular.

Proof. This proof by contradiction uses a ‘blow-up’ argument. Assume to the contrary
that p is not singular to m. Let yu = p, + pus denote the Lebesgue decomposition of p
with respect to m, where u, < m, us L m and u, # 0 by assumption. Let f = %%“. For
m-almost every = € K, we have ([KKM20, Proposition A.4])

o (Bl )
r10 m(Bg(x,r))

and for m-almost every x € {y € K : f(y) > 0}, we have ([Hei, (2.8)])

1

s | ) = @l mid) =0 (9.13)

Since p, # 0, there exists x € {y € K : f(y) > 0} such that both (9.12) and (9.13) hold.
Pick w € ¥ such that x(w) = z and set w,, := [w], € W, for all n € N. Define a sequence
of probability measures p, and metrics 6,,: K x K — [0,00) as

1(F, (4)) _ 0(Fu, (), Fu,(y))
w(Ky,) On(,y) = diam(K,, ,0) ’

—0 (9.12)

for all n € N,

ﬂn(A) =
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where 0 € J(K,d) is such that p is p-Ahlfors regular in (K,0) and p is as given in As-
sumption 9.16. By (9.12) and (9.13), the sequence of measures p, converges to f(z)m
in the topology of weak convergence. Furthermore, it is easy to verify that there exists
a homeomorphism 7 : [0,00) — [0, 00) such that the identity map Id : (K,60,) — (K, d)
is an n-quasisymmetry for all n € N. By the same argument as [[KM23, Proof of Propo-
sition 6.18] using Arzela—Ascoli theorem, there exists a subsequence {0, }ren of {0, }nen
converging uniformly to 6 € C (K x K). This along with diam(K,#,) = 1 implies that 0
is a metric on K, Id : (K, 5) — (K, d) is a n-quasisymmetry and hence 0 e J(K,d). This
implies that the measure f(z)m is p-Ahlfors regular in (K, g) Therefore by Lemma 9.15,
we obtain p = d; which contradicts (9.11). O

In the next subsection, we compare (K, d, m) and (K, 0, ). To state a relation between
m and p, we will use the following notion called minimal energy-dominant measures.

Definition 9.19. Let (&£,, F,) be as given in Theorem 1.1. A Borel-regular finite measure
v on K is called a minimal energy-dominant measure of (€,, F,) if the following conditions
(i) and (ii) hold.

(i) (Domination) For every f € F,, we have I',(f) < v.

(ii) (Minimality) For another Borel-regular finite measure v/ satisfying the above ‘dom-
ination’ property, we have v < /.

In Dirichlet form theory, the existence of such a measure is shown in [Nak85, Lemma
2.2]. The following lemma gives basic results on minimal energy-dominant measures
of (£,,F,), whose proofs are straightforward modifications of [Hinl0, Lemmas 2.2-2.4].
(Lemma 9.20 holds in a more general setting; indeed, its proof relies only on the triangle
inequality for p-energy measures, the fact that sup 4ep(i) Ip(f)(A) < E,(f) for any f € F,
and the separability of F,.)

Lemma 9.20. Let (£,,F,) be as given in Theorem 1.1.

(a) Let v be a Borel-reqular finite measure on K and let f, f,, € F, (n € N) such that
E(f—fn) = 0 asn — oo. Suppose that I'y(f,) < v for alln € N. Then',)(f) < v.

(b) Let {fu}nen be a dense subset of F, (recall Theorem 1.1(i)). Let {a,}nen be
a sequence of positive numbers such that Y >, a,&y(fn) converges. Then v =
Yoo L anly(fn) defines a minimal energy-dominant measure of (E,, F).

(c) Let v be a minimal energy-dominant measure of (&,, F,) and let A € B(K). Then
v(A) =0 if and only if T),)(f)(A) =0 for all f € F,.

Proof. (a): For any A € B(K) satisfying v(A) = 0, by Theorem 1.2(ii),

Ty YA < Ty (AP 4 Tyl f = F)(AVP < E(f — fu) P —— 0,

n—oo
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whence it follows that I',(f) < v.

(b): By the definition of v, we note that I',(f,)(A4) = 0 for any n € N whenever
A € B(K) satisfies v(A) = 0, in particular, I',(f) < v for any f € F, by (a). Hence it
suffices to show the minimality of v. Let ¢/ be another Borel-regular finite measure on K
such that I',(f) < v/ for any f € F,. Then for any A € B(K) satisfying v/(A) = 0, we
have I',(f,)(A) = 0 for any n € N and thus v(A) = 0. This proves v < /.

(c): It is clear that, for A € B(K), v(A) = 0 implies I',(f)(A) = 0 for any f €
F,. To prove the converse, assume that A € B(K) satisfies I',(f)(A) = 0 for any f €
Fp. Let {f.}nen be a dense subset of F, and let {a,}n,en be a sequence of positive
numbers such that >°>° | a,&,(f,) converges. (For example, a, = 27"(&,(f,) ™" A 1).)
Then v/ =3 a,I',(f,) is also a minimal energy-dominant measure of (£,, F,) by (b),
so the minimality conditions of v and of v/ imply that v and v/ are mutually absolutely
continuous. Since v/(A) = 0 by the assumption that I',(f)(A) = 0 for any f € F,, we
obtain v(A) = 0. O]

9.4 Identifying self-similar and Newtonian Sobolev spaces

In this subsection, we will compare different notions of energies (€,(f) and [ g? du) and
Sobolev spaces (F, and N'*) on the Sierpinski carpet under assuming the attainment of
its Ahlfors regular conformal dimension. Throughout this subsection, we always suppose
Assumption 9.16.

The following is a two-weight Poincaré type inequality, which is the key ingredient to
compare the two different geometries (self-similar and Loewner).

Proposition 9.21. Suppose Assumption 9.16. There exist C; A > 1 such that for all
r e K,r >0, we have

inf/ ]f—oz|pdm§Crdf/ gydp  for all f € N'P(K,0,u) NC(K), (9.14)
a€R By(z,r) By(z,Ar)

inf / 1 — " du < CroT, (f)(Bol(z, Ar))  for all f € Fy(K,d,m) N C(K), (9.15)
By(z,r)

a€cR
where g¢ 1s the minimal p-weak upper gradient of f.
Proof. In this proof, each function in N'P(K,6,u) N C(K) (or F,(K,d,m) N C(K)) is
considered as a pointwisely defined continuous function on K. Fix p; € (p, 00). To prove

(9.14), by [Hei, Lemma 4.22] and d¢-Ahlfors regularity of (K, d, m), it suffices to show the
following weak type estimate: There exist C, A; € (1,00) such that

p1/p
inf supt”*m ({y € By(x,r) : |f(y) — o > t}) < Opr® (/ g du) (9.16)
a€R >0 Bg(z,A1r)

for all f € N'"?(K,0, 1) NC(K).
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Note that by Proposition 9.12, the space (X, 0, u) satisfies the Poincare inequality
p-PI'8. Let Ap € [1,00) denote the constant in p-PI"¢ as given in Definition 9.7. Since
0 € J(K,d), by [MT, Lemma 1.2.18], there exists A € (1, 00) such that for all z € K,r >
0, there exists s € (0, diam(k, #)] satisfying

By(x,r) C By(x,s) C Byg(x, (14 2Ap)s) C By(x, Ar). (9.17)

By p-PI"¢ and p-Ahlfors regularity of (K6, u), there exists Co > 1 such that for all
re€K,s>0,y € By(x,s), f € NVP(K,0,u), we have

1
foorau-f fdu’s—/ -4 fdﬂ'du
By(y,s) By(z,2s) M(B@(y,S)) By(z,2s) By(z,2s)

1/p
< Cy (/ g% d,u) : (9.18)
Bg(l‘,QAPS)

By a similar argument, there exists C3 > 1 such that for all x € K,s > 0,y € By(x,s),i €
Zso, f € NYP(K,0, 1), we have

1/p
][ fdp— ][ fdu‘ < Csy (/ gy du) . (9.19)
By (y,27%s) By(y,27i"1s) By (y,Ap2—is)

Note that (K, #) is connected since (K,#) is homeomorphic to (K, d). By the reverse
doubling property [Hei, Exercise 13.1] of m with respect to the metric 6, there exists
¢4 € (0,1) such that for all y € K, s € (0,diam (K, 6)], we have

= m(By(y, 271\ P 1
Z( i) <3 S

In order to show (9.16), for/any f € NY(K,0,u) NC(K), we choose o = fBg(z,Zs) fdp.
1
If t <20y ( i) By, Ar) g5 du) p, the estimate (9.16) follows from the d¢-Ahlfors regularity

1/p
of (K,d,m). Therefore, it suffices to consider the case t > 2Cy (de(x Ar) g? d,u) . By
(9.17), (9.18), we have

{y € Ba(z,r): |[f(y) — o] >t} C {y € By(z,7) : ‘f(y) — ]{3( )fd,u > t/2} (9.21)

1/
for all ¢t > 2Cy (de(m Ar) g dM) p, By (9.21), for any y € By(x,r) such that

1/p
>t>26’2</ g?du) ,
By(z,Ar)

‘f (y) — ]{9 o fdp
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we have
. /m(By(y, 5Ap271s))\ /™
t<t/2 by (9.20
3 (Tt s <t (w0

1=

<

-1 ( )fdu‘ (by (9.21))

[e.e]

1/p
<C / " d,u) by (9.19)).
’ Z0 ( Bg(y,Ap2~'s) d ( ( >)

Therefore there exists C5 > 1 such that following property holds: For each y € By(x,r)

1/p
that satisfies |f(y) — fBe(x 28) fd,u‘ >t > 20, (de (e.ar) 7 d,u) , there exists i, € Zx

such that

p1/p
m(By(y, 5Ap27"s)) < Cyt Pyt (/ g dﬂ> : (9.22)
B

By the 5B covering lemma [Hei, Theorem 1.2], there exists a pairwise disjoint collection
of balls {By(y;, Ap2 "is) | j € J} with y; € By(z,r) for all j € J such that

o(y,Ap2~ W s)

{yeBd@:,r) : ‘f(y)—]i( e

> t} - U Bg(yj,E)Ainiij).

Hence

jeJ
m ({y € By(ar) : ‘f(y) ~f
Bg(z,2s)
<> m (By(y;, 5Ap2 i 5))

>t})
jeJ
p1/p
(9.22)
S U I 2
jeJ BG(yj’AP2 yjs)

p1/p
< Cgt Pyt Z/ _ gydp (since p; > p)
— J By(y;,Ap2” Y3 5)
jeJ o\Yj,Ap S

p1/P
< CgtP ( / 9 du>
Bg ($7(1+AP)S)

9.17) p1/p
< Cgt Pyt (/ 95 d,u) ,
Bd(CIZ,AT)

which concludes the proof of (9.16) and therefore (9.14).

The proof of (9.15) follows from a similar argument where the application of p-PI"¢
in (K,0,p) is replaced with (8.21) with § = dy,(p) = dr (see also Remark 9.17), which is
the (1, p)-Poincaré inequality for the self-similar energy on (K, d, m). O
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The following result compares energy measures and energies in the Sobolev spaces.

Theorem 9.22. Suppose Assumption 9.16. Then we have
Fp(K,d,m)NC(K) = N"(K,0, 1) NC(K).

We let 6, = F,(K,d,m)NC(K). In addition, there exists C' > 1 such that for any Borel
set B € B(K) and for all f € 6,, we have

TN < [ gpdu< CT,)(B) (9.23)

where gy denotes the minimal p-weak upper gradient of f. In particular,

CTE(f) < / grdu < CE(f) for all f € C,. (9.24)
K
Furthermore, there exists C; > 0 such that
CrM I lvrogy < 117, < Cillfliyingy  for all f € €. (9.25)

We start with a simpler condition to obtain comparability of measures whose proof is
in Appendix A.

Lemma 9.23. Let (X,d) be a doubling metric space. Let vy,vy be two finite Borel mea-
sures on X satisfying the following property: There exist C; € (0,00), Ay € (1,00) such
that for all x € X,r > 0, we have

1 (By(z, 1)) < Cive(By(z, Ayr)).
Then there exists Cy > 0 such that
1 (B) < Cya(B) (9.26)
for all Borel set B C X.
Next we compare energy measures on balls for the spaces N*P(K, 0, ) and F,(K, d, m).
Lemma 9.24. Suppose Assumption 9.16. Then the following are true:
(i) We have F,(K,d,m)NC(K) C N"(K,0,u) NC(K). Moreover, there exist C' >
0,A > 1 such that for all f € F(K,d,m)NC(K),z € K,r >0, we have
[, b < O (Batr, A7), (9.27)

(ii) We have N**(K,0,1) N C(K) C F,(K,d,m) N C(K). Moreover, there exist C >
0,A > 1 such that for all f € F,(K,d,m)NC(K),z € K,r >0, we have

LB <C [ g (9.28)

Bg(z,Ar)
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Proof. (i) We will start with the proof of (9.27). To this end, let f € F,(K,d,m) N
C(K),z € K,r > 0 be arbitrary. For 0 < s < r, consider a maximal s-separated subset
N of By(x,r) in (K, ), so that By(z,r) C UyenBy(y, s) € By(x,r + s). Therefore

Ly (@) () LBy(y,s) ( Z 1B,(n,29)(Y) L By(n,25) (2). (9.29)
neN

By the doubling property and [HKST, Lemma 4.1.12], for any A > 1, there exists C)
depending only on A and the doubling constant of (K, 6) such that

Z ]lBg(n,)\s) < C)\]]-Bg(a:,r—i-)\s)- (930)

neN

We will use Proposition 9.10 to show estimate the norm of the upper gradient. By
(9.15) in Proposition 9.21, there exist Cy, A; € (1, 00) such that for all f € F,(K,d,m)N
C(K), we have

/B( s ]i f(y) = f(2)" p(dy) p(dz)
< s / / f(v) (NP LBy () (V) LBy (y,8) (2) (dy) p(dz)

/B %) /B 2) — f(2)" u(dy) p(dz)  (by (9.29))

S5y / /B 9 ng)(\f(y) = Ioomasal” 1 (2) = Fryman.al) 1ldy) p(d2)

neN Bg(n,2s)

<SsP Z in}% If (v) — of” u(dy) (by [BB, Lemma 4.17] and AR(p) for p)
neN ac By (n,2s)
S T (Bo(n, As))  (by (9.15))
neN
< il (f)(Bo(x, 7+ Ass)) - (by (9.30)). (9-31)

By letting r — oo in (9.31) and using Proposition 9.10, we conclude that
Fp(K,d,m)NC(K) C N""(K,0, ) NC(K).

By (9.31) and (9.7) in Proposition 9.10, we obtain (9.27).

(ii) This is similar to part (i), except that we use Proposition 8.22, AR(d;) for m and
(9.14) in place of Proposition 9.10, AR(p) for p and (9.15) respectively. O

Proof of Theorem 9.22. The estimate (9.23) follows from Lemma 9.24 along with Lemma
9.23.

It remains to show (9.25). By normalizing the measures if necessary, we assume that
m and p are probability measures. For f € C(K), let f,, = [, fdm and f, = [ fdu
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denote the averages of f with respect to m and p respectively. The proof of (9.15) with
r = 2diam(K, 0) yields

J = folf A S 1A, for all £ € F (K. dm) (1CE). (9.32)

Note that for any f € F,(K,d,m) NC(K), we have

<2 (|fm|”+ / If—fmlpdu)
K K

< / A7 dm + || f1I%,  (by (9-32) and Jensen’s inequality). (9.33)
K

Therefore the first estimate in (9.25) follows from (9.23) and (9.24). The proof of the
second estimate in (9.25) is similar. O

We observe two important consequences of Theorem 9.22. The first one states that
Loewner measures must be minimal energy dominant measures for the self-similar energy

(Eps Fp)-

Theorem 9.25. Suppose Assumption 9.16. Then u is a minimal energy dominant mea-
sure for (€,,F,). Furthermore, there exist C' € (0,00) and u € 6,, we have

C7'T,(u)(B) < u(B) < CT,(u)(B) for all Borel subset B C K. (9.34)

Proof. By Theorem 9.22, I',(f) < p for all f € %,. Combining with the density of
C(K) N Fy(K,d,m) (Theorem 6.17(v)) and Lemma 9.20(a), we obtain the domination
property: I',(f") < p for all f' € F,(K,d,m).

By [HKST, Corollary 8.3.16] and a biLipschitz change of metric if necessary, we can
assume that 6 is a geodesic metric. Consider the function u(-) = 6(x, -) for some z, € K.
Since u is Lipschitz in (K,0) and K is compact, we have u € N"P(K,0,u) by [HKST,
Lemma 6.2.6]. Furthermore, by considering geodesics in (K, 6), we can show that lipu = 1.
By [HKST, Theorem 13.5.1], we have that the minimal p-weak upper gradient g, of u
satisfies g, = 1 p-almost everywhere. By (9.23) in Theorem 9.22, we have that p < I')(u)
and hence p is a minimal energy dominant measure and satisfies (9.34). O

The second one is the identification of the two different Sobolev spaces F,(K,d, m)
and NYP(K, 0, ).

Theorem 9.26. Suppose Assumption 9.16. Then there exists a bounded, linear bijection
v Fp(K,d,m) — NYP(K, 0, 1) satisfying
Cr Iz, S HlP)lyiogy < Cillfllz,  for all f € Fy(K,d.m), (9.35)

where Cy > 1 is the constant in (9.25). Furthermore if f € C(K) N Fy(K,d,m), then ¢
maps the equivalence class containing f in F,(K,d, m) to the equivalence class containing
fin NP (K, 0, ).



Sobolev spaces on the Sierpinski carpet 83

Proof. We first note that €, is a dense linear subspace of both F,(K, d,m) and N'*(K, 0, u)
by Theorem 6.17 and [HKST, Theorem 8.2.1]. Let vo: (€, || - [|,) — NV (K, 0, 1) be the
inclusion map, i.e., to(f) = [f]n1» for f € €,, where [f]n1» is the equivalence class defined
in Definition 9.5. By (9.25) in Theorem 9.22, we have C;* 11z, < leo(Nllyre < Crllfll%,
for all f € €,. Hence, by [Meg, Proposition 1.4.14], ¢ is an isomorphism. By [Meg, Theo-
rem 1.9.1] and the density of ), there is a unique extension ¢: F,(K,d,m) — N'P(K, 0, 1)
of 19, which is also an isomorphism satisfying C;* 1z, < [llH)llxie < Crllf| 5, for all
f e F(K,d,m). O

We conclude this subsection by extending the comparability result of energy measures
to all functions in Sobolev spaces through the above isomorphism.

Corollary 9.27. Suppose Assumption 9.16 and let v: F,(K,d,m) — N'P(K,0, 1) be the
identification map in Theorem 9.26. Then there exists C' > 1 such that the following hold:
For any f € F,(K,d,m) and any Borel set B € B(K),

TN < [ gl du < CTLUNB) (9.36)
In particular,
CE(f) < / Gy A < CEN(f)  for all f € Fy(K,d,m). (9.37)

Proof. By [HKST, (6.3.18)], for any u,v € N"’(K,0, ) and B € B(K), we have

1/p 1/p 1/p
(/ gi+vdu) < </ gﬁdu) + (/ gﬁdu) :
B B B

In particular, lim, o [5 g% dp = [5 g% dp whenever limy, o |t — up|| y1, = 0. Let f €
Fp(K,d,m) and pick a sequence {f,}, € €, such that lim,, o [|f — ful[z, = 0. By (9.35),
we then have lim,_,o [[¢(f) — ¢t(fn)||y1» = 0. Therefore, letting n — oo in (9.23) for f,
yields (9.36). O

We are now ready to prove Theorem 1.7.

Proof of Theorem 1.7. Theorems 9.22, 9.26 and Corollary 9.27. The second assertion
follows from Theorem 9.25. 0J
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10 Conjectures and open problems

We conclude this paper by mentioning some related open problems and conjectures.

To construct a Holder continuous cutoff function with low energy and to obtain
Poincaré inequality, the condition { = df — dy(p) < 1 was crucial. This is because the
conclusion of Theorem 3.2 fails without the condition { < 1. However, it is conceivable
that capacity bounds imply Poincaré inequality without this restriction but such a result
would require a very different approach.

Problem 10.1. Relax the conditions ¢ < 1 in Theorems 4.2 and 5.6.

Problem 10.1 is similar in spirit to the resistance conjecture for the case p = 2 and hence
it appears very challenging [Mur24, §6.3].

In this paper, we confine ourselves to the planar standard Sierpinski carpet but it is
of interest to define Sobolev spaces on other fractals.

Problem 10.2. Construct Sobolev spaces, p-energies, energy measures for other examples
such as Sierpiniski cross [Kig09], subsystems of (hyper)cubic tiling [Kig23], unconstrained
Sierpiniski carpets [CQ24, CQ23+], boundaries of hyperbolic groups and Julia sets of
conformal dynamical systems [Bon06, Kle06]. Added in revision: Recently, Anttila and
Eriksson-Bique [AEB24+b] introduced a new framework of fractal spaces arising from
iterated graph systems and established the combinatorial Loewner property for these frac-
tals. It would be interesting to construct/investigate Sobolev spaces, p-energies, energy
measures in this framework.

In the case of p = 2, the Dirichlet form (&, F3) constructed in Theorem 1.1 is unique
(up to multiplications of constants) by [BBIKT, Theorem 1.2]. It is natural to expect that
such the uniqueness is true for any p € (1, 00).

Conjecture 10.3. For any p € (1,00), self-similar p-energy satisfying the conditions in
Theorem 1.1 is unique up to multiplications of constants. We expect that the uniqueness
is true for a wide class of Sierpinski carpets (e.g. generalized Sierpinski carpets).

Compared to our (1, p)-Sobolev space F,, the definition of energy measures on a self-
similar set heavily depends on the self-similarity. This is a difference from the case p = 2
(Dirichlet form theory) and is an obstacle to develop general theory. This motivates the
following question.

Problem 10.4. Let (K, d) be a compact metric space satisfying Assumption 6.15. Define
p-energy measures I',( - ) on K (without using the self-similarity) and establish their basic
properties (e.g. Theorem 1.2(ii),(iii) and (vi)).

Added in revision: There has been recent progress on Problem 10.4. In [KS24+a], by using
the Riesz—Markov—Kakutani representation theorem, p-energy measures are constructed
for specific p-energy forms called the Korevaar—Schoen p-energy forms. See also [ARB24+
Section 4] for a related result on Cheeger spaces.

It is also natural to expect that p-energy measures on typical fractals are mutually
singular with the underlying self-similar measures (cf. [Hin05, KM20] for the case p = 2).
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Problem 10.5. For a self-similar set (K, d) satisfying Assumption 6.15 with 5 > p, show
that I',(f) L m for any f € F,, where m is the self-similar measure.

The next two problems are motivated by a desire to understand the dependence of the
Sobolev space F, and energy measures on the exponent p.

Problem 10.6. Let p,¢ € (1,00) be distinct. Let 1,7, be minimal energy-dominant
measures of (£,, F,), (&, F,) respectively. Are v, and v, mutually singular or absolutely
continuous?

We also do not know if there are inclusion relations among {F,},>1.

Problem 10.7. Let p,q € (1,00) be distinct. Determine the intersection F, N F,. In
particular, does JF, N F, contain any non-constant function?

Towards the attainment problem of the Ahlfors regular conformal dimension, we expect
that the following variant of Theorem 1.7(ii) to be useful. This conjecture is an analogue
of [KM23, Theorem 6.54].

Conjecture 10.8. Let (K, d,m) be the Sierpinski carpet. Suppose that darc(K,d) is
attained. There exists h which is darc-harmonic with respect to the self-similar dagrc-
energy Eq,nc on K \ Vp such that I'y, . (h) is also an optimal measure.

A  Some useful results

In this section, we recall Mazur’s lemma (Lemma A.1) and prove Lemma 9.23. We start
with Mazur’s lemma, which is frequently used in the paper.

Lemma A.1 ([HKST, page 19]). Let (v;);en be a sequence in a normed space V' converging
weakly to some element v € V. Then there exist a strictly increasing sequence {l,}n>1 of
positive integers with 1, > n, and, for eachn > 1, (\i,)m, € [0, 1] with S N, =
1 such that Z?;n Ain¥; converges strongly to v as n — 00.

To prove Lemma 9.23, we will use the following version of a Whitney cover.

Definition A.2 ([Mur24, Definition 2.3]). Let (X,d) be a metric space and € € (0,1/2).
Let U be a non-empty proper subset of X such that U # X. A collection of balls
R = {B(x;,r;) | x; € Uyr; > 0,0 € 1} is said to be an e-Whitney cover of U if it satisfies
the following conditions:

(1) The balls in R are pairwise disjoint.

(2) The radius r; satisfies

r, =

1 ig dist(zs, X \ U), for each i € I. (A1)
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(3) It holds that J,.; B(xi, 2(1 4+ ¢)r;) = U.
Remark A.3. From (A.1), we observe that B(z;,e (1 +¢)r;) CU for all i € I.

The existence of such an e-Whitney cover of any non-empty open subset U of a given
metric space (X,d) for all ¢ € (0,1/2) is ensured by [Mur24, Proposition 3.2(a)]. The
following proposition states a basic overlapping property of Whitney covers on a doubling
metric space.

Proposition A.4 ([Mur24, Proposition 3.2(d)]). Let (X,d) be a metric space and let U
be a non-empty proper subset of X such that U # X. If (X,d) is metric doubling, then
for any e € (0,1/2) there exists C' > 0 (depending only on & and the doubling constant
of (X,d)) such that the following hold: for any e-Whitney cover R = {B(x;,r;) | x; €
Uri >0,i€l} of U, we have Y ;o L, 1, < C.

Now we can prove the desired lemma:

Proof of Lemma 9.23. By the outer regularity of measures vy and vy [HKST, Proposition
3.3.37], it suffices to verify (9.26) for all open sets.

To this end, let U be an arbitrary non-empty open subset of X. Let us fix small
enough ¢ so that 0 < ¢ < (34;)™! and choose a e-Whitney cover R = {B(x;,r;) | z; €
Ui > 0,0 € I} of U. Then we note that B(z;,341r;) C U for all ¢ € I. By the
bounded overlap property Proposition A.4, there exists C5 depending only on C, A; and
the constant associated to the doubling property of (X,d) such that

l/l(U) S Z VI(B(ZE'Z',?)’T‘Z')) S Z Olyg(B(Ii,?)AlTi)) S CQVQ(U), (A2>

B(Z‘i,’l‘i)Em B(a)i,Ti)Em

which concludes the proof. O
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